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Abstract 



t. » id". «* « ~" tlOMl " rk> " " P "" 

^.t «... In thl. .tod, PU,.tl.n «h«r, i. «t„d- t. 

i„ .hlch chlldc — «-« th.irW.U-U. f ~ " 0 " ,1 °" 1 
.,.t« «*. in P.rtic.l.r, of th. ,1«. «1« pr.P.r.7 - th. 1 

„.t». «*t, «ld«.-cU.. chlldc *- *« » — 

y ..r. .f ... «" mt.rvl«.d-. Th. r «« n.V.d _ .th.r thing, to 
.coup ob,«t., dr„ pier., of .»«P- «—»«.. <^»< "«"" B, ~ 
tion). «it. —U t. indict. (convention.! r.pr...n«.tl.n>, 

* th.ori« .bout th. ****** W— «««» «!— to "* 

». lml. wr. mf«rr«d for th... «d other 

drwn q«.ntlti... Sw.lopBent.1 lew. w«r 

r _ . a a ■election of the cttil~ 

t..k., .nd iW « .1. ".IT." 

dr«'. itOhlc pr^notl«.. «. lncl»d^ in .n wndln. 

r..»lt. .« thl. -..crlptlv. .tod, - 
„„.*.... th.t child,., hronsht to h«r on th. ....in. ot th. — 
M rh. m r.i.tto. t. th. «JM ~ hjpothc. ~r. 
^d int. It, d.vciop-nt.! W. th. hl.h..t .1 .hlch reflect. . 
hocled.. of ,l.c. — . ^ th. P-itern. -t .„.r..d «. . d.,lop- 
.. qMM . in th. hind, of id... u..d h, children. - «- ~ 

hin.tton. « - - - — - ^ " " dlMl ~ t 
Child.-', ..der.t.ndln.'.f th. ,l.c. «t~ P»P«*. »th.r th.. 

^o. cn.tc.ctcd .11 .t on. «- - l '° UtlOT "~ ^ 

i M c,i... ...» » - «- - • i - " riod o£ ; im v; lon . 

cotton with othcc hi-. of h-led... r " 
„„ . vW ent _ children-, .hillt, to *~P - *- " 1M 



tloti»l , , . M Uve eojn" 1 "" r 

. . «ot directly *»Ut«* " ,i.»«nt. «* » r0 " 

-n» th.«rl... ^^.t.ndln. of th. «• 



LIST OF FIGURES 



. Tn. ~l.tlon.hiP b.t»e.n digit.. 

and nun.ricU value m- 

Ul.tion.hip. of order end ...... 

involved in nuober *** ' 

I. Tne «b.ence of order in counting — ' 

ft. Th. «b.ence of i»du.ion in ■"■^.^J:.^ 

writing ' 

5. lel.tion. within «nd nnong ~ t * ti ^.t!!.!!!^v 

2 

»t.tloiia ii- of petition 

8 Multiplication » """"^ *?""° n .T"!"" 

■ -SaSJli-tio. a otootiog n« 

Conorl rotation. b.««n -»«*^.^!!* 

representation 

10. lel.tion. between hypothe.e. »d tt.k. ; 

n j. ordinal de.criptiou of children', id... concerning 
^e netning of digit. »d nunerd. • 



±v 



CHAPTER I 

nnnDMJCTiou 



i. « " d «tth both T.d 

. Tor adult* *• » e £,=1U 

„«„!.. th. r.Utio-.MP „ ^ ccclon to 

^ «« or i-pU« th. «• ' ^ ^ ^ 

«.«~«e w »ln|> <*> lch ™»taU thtmeWM 

In an *tB — ^ - ^ ta 

» tlMln ^rt. Or th. 

— c... m. * d ° ur, ; t 7 foncttoM — 

T , ."nam. "•«"»"°- 9 " 4 , of 

- ~- — , ^ n. 

— not T-t *• t .. rf .r. «« ,« 

^ti-*lHt nu-rU.). or for *- «*• ttlItlOT ,Mp 

. ,.itu»l occurr«nc«, tne 

a lff.r«tl.ud by f«o=tl<m « e»t.«tu»l 



Ji mM>t .Imply *• 

. th - child. * 

fro. th. iM***" •**.»—« o m . tM .Mrt , 

. a 1 followed by » *t «■» 

l ' Q< „„„ in «h. ,u.Ht.tl,. r,t h .r 

childr.* c°u.tru=t th.lr una th . deci«l or b... «« 

• of -» - «• ^ ^ _ one> t „. or on. 

V ^ pW ..ty - 

- — * * J. outpWt h - h«i». ** 

W cuxl..i«y 1- tW. «Pic i. vllo . property of 

w <h a*» , »«« u lntroduc ed in th. £ir.t 
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tt» P «m.*.F»p«.tt« 8 ««l•J^£^l•.». 79 • H • tt,,0 • 

„„, »»« i-*. »»' 19728 sertw - U68> - . 

.AM— i — — * — - *" h * ve " 

t ^ii atand for (Van Eagen, 
o„ the part of the l.«ner of *.t thoee ey*>ol. .tend , • 

' . „ii C . value hu to he taught 
1947). Thu. it i. fit th.t the concept of piece 

, ^ ^gorithia. for the .rithtnetic opere- 

before, or et leeet alongside, the algoritn*. 

• » » *~ 

w-» — - *~ - - --r- 
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— -rr >tOTi0>lly — - » 4 
^ *-s- - £or „ cww — • 

«h. ». I—. - **' *" "V, nor «... pr^c.."' W -A* V 

*. — * *«*> « • , _ mU , peeifua . 

teacher. h»*« »ou*h tw u . 
Over the y.«- f«* ^ t £ot «T» » 

«tl— tieu-; •* ********* " , BpMS fcli»t» 



■ % 



ii 



r 

<2 



"^r *r~~r.< - — ^ < x * 

• " . f kldo .uch tho« «hlldr« Min P t.c«ic« In 

standing tot Hnlt» of nlgnor » „ . ■ f 

• «>o one (higher, 

(,.... chip eroding •»* henta" «»".'. 

"* * Cti,rtti " *• , wrU fcgui reger-m. ^ 

tag the. wlenlU r»t. «pc» Joot . 

« *.« w w * " wort - - T 

X. ChilW. l«"in 8 or.o«o. fx- *• eoncr... 

ttua^ m * * -«* * " , " 10gi ■ 

, — -t.rl»i i" • .tep-by-ite? fashion; 
.,. Children learn n,v notorial *" 

, . w. uinud In order to 1, */ n • / 
" 4. Chilton need to be »>tlv.too an. , t J 

Arlth^tii toxtbook. -^fL** - £0t ™( . th| . 

r^rnTi^ ■«qu«nce to teat* the 

. numbers fro» one through ton. 



2. 
3. 



■ ■* * 

hi H Q ES 5 IS > 

w ,*»tl»* th. *J«». • ^ ^ pl ««.a 

— kw link* th» f couu 
4. this *- *• rt „ uA . we u„U .f .*»«.c- 

in th. th. ^^.t. »* «»« 
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Actions, operetionai. •*^»» . ...... 

to «,ti«t« ehiUtM to U«n by .«.lou.lv 

v, -„lritl«: «d to «v. the chtldr.n .. «P«dUiou t ly 

» —W "*» r ^ !" " b. th.t 

,. „.d. «nlpul.tiT.. «. -uUly r««v«a for 
« th. *i»« « «•»*•• ~ nlrUU • troub > e worktng 

ir^ ... — « — - - — - - 
^ uam .» — — ^ • 

_«* a*. fr« th. ^moctivo of d*> child™. 

^ - Mtot e£ ohildroo do »« X»™ ««*« con- 

a *. rh« fot.iol»» ol.cw.ion. lint. 01 
cpt. in th. wy «tS"t.d ln th. forego » 

* contln .«*«. (••••. 'he conc.pt of ««■«—. 

ohi.ot. do »t — „ d h./.h. 

« th. 0«Si£i "f «™> U Ctm,trU "' ?* • " ■■ 

ITS^— - ' tetu - " 4 n6t " i ' , " l ■ 

of «~ r - C... — > « 

f .r to — **• f . ■ _ _ nuBb « to b. 

; -Jlav-nade .et« "contain the nun»« 
the object, nor the picture, of reedy made 

abstracted." vera* in the 

* -nd the .im. «Md for repreeentlng nu-fc.t Cn**.* vor 
Second, the si«ns ^ ^ ^ c ^. Uy/1V en. 

verbal ey.t« •** «~ " U to - _ ^Zdtted 

_ • - r . .resent in the environment, tr*n»»x 

# conventional device., they are p*e.e» / 
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«^ ~*lor cmjttucMj ttomwlthin . 

2t — — " 

fxom the outside, m * 

m *^- - — rf *" .„ „ .... * ff-'r*- ■ 

~ , ^^^**^-^*•. 
-utiwll ^.««"» J ', " - 

fr«« th. .t»*«>l»i of 
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ecnaroioi th. ^.ultl*. f the 

coplciv. .tructur. (n«b«) , »d th 

cultural obJ.cc , .^..ruction of ctttta mnb« 

iocu. .f -^"V „ 

mrr . th« i« would b. «M » *»* 0n *- 

urniil— and now each «i*t be overcome. 

«u ..«.« The lack of direct~corre.pondance between , 
*t "how ■uch" or "how Bany. we 

^ now bmco ^ . - nd the notetional 

. ^ un^tic ««- — l9M) . 

Mrto „..in r.cordin. «*« b» i- -* ** ' " nCUlr - " 

How do chlldz.n con.truct th. 

And ho. do th.T f oulab . r which, ntW 

Uw .dulte in tha nuewration ayatani. * r 

* ^ \ „ _ th , y «M dlffiool. » ooordi»t. 

If « bow »» *»oot tb«« «* 
.b« «P 1» tb. tr.*- 



wA*4 1* —rk» that *» * W 

extract. a graphic - (con *.ntion»l not.tion.l 

to _ - — _ , 

- - - - — . « M 

i.+4Muliivs there 

^ cr.yon . •» ^^^ W*- 

Th, ««*y i- w* 1 " 4 1B ^ cmtr ^ f0 cu. .1 «h« «- 

— and thr«-att« 1 . ■ 

» tr«. - •— *— muc 

vide • richer oatm u»» 
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th* MogotUn »OMpeeti»« 
. . dowlopoont of iciootifte eoMflti in the 
^ „. co»«roo«vi.t M«< » «» *— 

. - o»d. to •«•»* » «■ w»»«»t. .•* 

COMtructltm „ . ***** — « «h. htC^c «** 

feC — ° B " ^ • ^ ^ xn oo«h oo». *. -to , 

, 4 to .or. Sloped »«•• It " hOUd " 

less developed to ■ore amwv* 

to .ciO.00 i. . «— .* -» • _ ^ ^ § (um); 

vntr* wplenotiooo); to) tooolvo, 

»°^ t * S W) " v » .. conc .,«,«l dovelo^oot m» «>« 

- " hwnt r :^r;r;«-.. — — -r 

•die building by providing w« »ff 

1 



*. « ta-Udi. «* „ t <„.„ tb. «-t pri-tlv. 

* construction of taow«I e *** 

^ M ^«u — - «• ■ ^ 

ilk. all other orgmlw. «d»ptt *o n* 
* ...tallatum «M «ocM»>a»«K»- I» °* 

,r««t t. th. P~.»l«. "* »" ^.. .idU-aft"** 

^ .«.* itii thi« tool whose on*w» 



tt^U. cont«« >r... C... »ne^f 1» Phyi" « ««»«-^> » d 

peycholoflcel «*«l-Mitetion ulth children. 

' The G~v» fr— «k i. — ««•• **" 11 ^ * 

^ enUy.i. .* W f » currently 

^ - i. £.11— h, . hletoricel -urv. y .t «J« li"""' * 

the a^Xop-nt * then. Th. Cl-« -* . « 

Uteretor. in *. "eld. .f PTchol.* »d -th-tic. eduction *ich 

b .« on the d-***-**/*""** i— .-H— In thi. «h«i.. 

m U — » - - »"*. • to " £otth th * th '°" 

„«i«i *r * » >" tim 01 *! 

, tody . ..eond ite*». - hyp-the.- *i* -ere P-tuUted » .tod, 

o^loo-nt of children'. «d.r.«.»din...f » e " tten - In 

Q . pt . r IV the -thod. need in cerryta. out thi. .tody ere -..erioed, 
Xnol-d-d there ere * «h. t^. *i* «« 1- «- *V 

^eedure. *** «« *U«"« *» *- ~ •• UCtt0B 01 

... .~h™ former; «nd d»t. .nely«i. procedure.. The 
.object. ; the intervieu tox»«t. 

eopiric.1 finding. «• repotted 1» Chepter V. 

A study .£ thl. »«ur. he. bjoeder **lic..io... «y hop. » «n- 
.oeUn, the intervie-e .« to ...her evid«e. thet (.) children hoid 
ld .„ * tch ere di«.«»t the*. * ed.lt.. *> *~ 

. ^ • - * *~ "f vw " 

indent,, eone«r-c«d id-, end the »™>V 



.auction^ ° £ <"""' tl0 » . 

The cla>hes might 

our -* , . ^ ■MM" 1 ' • 

thl-.tu* •«« » — W - . ■ utl0M fording the 

• «. to uncov«r. |tf 

iterant*. »«« _, rf „ th «»ttc. .duc.ti~ 

^ 8f ~ — ^ 

ar « included th«r«. 
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CHAPTER XX 
BMXG10UND AND UTEMIWB «E VXEH 

Introduction 



^ r .,1,^,1. developing underetending of tho 
nreperetion for the .tudy of children . develop • 

vha femt of the preeentetion will 
conventions not.tionel .y.t«. for-t of tn P 

. «,« r.vi« .£ th. U««.»« on *. topic - 

The Methennticel Perepoctive 

, ..... 4. „ f «BtUt.t. eowototloo (BroonfeW. 
tlooal »T»«» «■* «»loitta» it to MB"* 

Tk.nOtttiOMl-OOCtoiW*"*' 4 " 0 "''" 

two con»truct»s «»o p** 1 -- 
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u . qi» «f notation tor W"" 

— f 7~ rtL.*-— - «— r 1 

Xn ,k. bono Mi thorofor.. "* " , 

to »*•«•* t ■ b „ e . xt i. .h«p. r 

pilaus us to use • 
, «1t. 1» tho ooqoooc. 0, 1. *. »• *• S ' . . 

_ . ^.it i written in the units 0 
deci^l Pol»tt »e digit , ^ 

. , „ n<rit \ denotes one unit, 5-w • . 
«. loft of th. d.ci-1 Point) dono 

, ,. ,( tht «nlt» donotoo ton. *■» 
In th* ploco to tho loft of tho on* hoodr.0; th. 

ttlao to tho loft of th. t«oo ploo. olfoltloo . 
In tho pooltloo to m * 

o«« on. «-* - - of — of xo. 

10 ^ HI 7tC .to P~ ... V — - ~" " ^ ef 

- w ^ po- • — ■? ^- ° £ 

to th. tioht _ ;, Won M . puc. h.M.t. th.t io. 
M . U~ - - - ^ ^ n PU«. 

- " l. ^t 3 » — ' * - *"~ 

-4-«if* 3 hundreds tether ww» - 
.Uoo-h.-itviU^^ . ^ ^^.W- 

A» ofn^lo oo thlo it^U InotTOCttwo to rovlow tho p*th 

iUe of hu-*n thought end nee. " *• 
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3 stands for 3 x 10 

1 stands for l x 10 

2 stands for 2 x 10 

5 stands for 5 x 10' 

4 stands for 4 x 10 * 

6 atanda for 6 x 10* 




3,125.46 



„ i. ,u.ti«»htp ro,ltlw " roi 

numerical value 

aiKi^tU. *i«h *iM„» h.« - th.y.r.con—ct «h. «r.«» '« 
themselves. 



The Historical Perspective 



The Origin* of Numeration 

^ ^ y — « - «»* — <— — - * 

* .. ..M.etiw u»«d to d«.crit>« •caching 
turn; (2) tb.t ■*« vord. wr. .dj«cti«. «. . 



Counting 

— - — of ~" tl * wng ; Sooth 

primitive ox « , nunibet words 

the words used for tne / .. ^ «2-^«„a" 

, . • . Ji t H*4 r -t" and "secona 

ntlwr *«" <m*a> «w> _ / _ h 

b- «»»* *• ** " th * in, " , " Euroi> * " ■ ~~T 

troi.. iHi- JS* • . J ^ w „ d ^ 

yoad U«">. v . . ilJllU «otd .-.nil* 

A dif f erwit mph»l» *• °««™ a w / . 
fH«««r-countlnf theory of earxy j 

f ' ■ „ lt . £ l t . ii «... — «• - «p— •> 

^ ««« f« «~ *• 1 ** " ' 

to, the word for hand. 



25 



9 

ERIC 



. ITS. tour ti«t«. <»• M) - 

j,«r mta 1» ten, mi A 

nWretion i. ten, ^"JX .onlconpouading P* toci - 
ole is n»ed until 10 °, 1 T- 1 and 1.000, and eone 

52*i£ Sesfe « Miasslsst — ot 

. „. jifforent .et. of umber ww» 

!w »u-i«-»»" ia,nt „ uss* -J-*- 

of » lt fiS^Mf lJ— " b ° dylnB *" 

« .nMthlna concrete befexenwjr_7 
• c..criptor. of mm^m Boas found in the 

ab.tr.ct conc.pt. a»thropoXo f i.t Iran 



a* 



Ungua». of .. Britich Colu*ia« 
for flat object.; round object^ 



w^*»» t ■ 

trtb . .«» ai.ti-ct ot **•».«•— 

ct> , «n; M «~»* » d 

* „«.mt±n» words for people, «tn« 
^ ai«.x«t .... of count** ^ 

and different endings tor 
obiecte. end inanl^t. thing.. «* . c0 «on W*« 

«. . *h« utility of u.in» the »e.e 10 ena 
eonpect object.. Thue «• tttlOT - 
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«« aimh *s in our aoa.rn nwor.ww * 
labtls for all object., ■» «* 

obvious or **r.r..X to bUtory. 

lacord. oftomwdColUctioM 

52222 , ,4^ «* a colUction, cm* aoe. net 

• « M rd "how «uch" o* th. plurality of • coiw 

to x.cora nw »*» ft f «numer*- 

^^tob.^"^ MM. . ot§net % 

«o,^^ :* 

„c...itto. ora.r.a .uc^ioo to ». ^^^^ , cr . tche a 
toot, ttod to • it**. P«bbU- n^P-d toto . Pil«. «K 

— « * eouocttoo to th. 

- „ th. etching of - ^ ^ 
oth.r. .Ttool. for tocptog tr«k o 

# .^k.i (or th.ir «iuiT.l.nt to th. of » 
to ..t. of .troto. lor » t td t0 be r««d 

i- A r ■•carat* not.tion.1 •»«• o«»n»» 

— 4 M The »o.t aav.nc.a for. ot w**7»»» 
or -a. to ora.r.a .ttCCMioo. *»• _ 

i« .till to u». to -ny P**» o£ *• wM 
founa to th. to*cu. which i. .till an . 



3 
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* oKaKiv as oia prlv.t. prop.rty • it 
.^ration to tbi. fo» to Prob^ly « hiding, 

ltoit.a to .uch .ctiviti.. ^* dln8> 
4. iikoly th.t it. u.. ltoitoo *o » 

is litoiy tn «..ur.«nt. of 

k..ptog tr.ck of flock., wcoratot tto«, g I 

fiold.. *te. fflto.. M72). 

, down in on* , 

,l»c. Jtl-ltlv. p. S U. ^S^, „a atari. 

fculXt WU. ■>* 10.000 life", « ••« boa 

fir.t .*.p» <*• 3 >* 

XJ • nMt , ^ for counting to. b.« lo-t, «d 

*n. origin of n«to.r ««. «• ^ ^ f 

«. «f talUtog •»•** no light on when w« v 

nu»r.tion to th. fo» of tttiyxni 
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* '•'■••"*- tided. But for out purpopo, 

of .«ce-rt« «» Inwiti-lT,*^" 14 **- 

mnl Mint* cm o. ■»*•. *"•«» «o»k»». 

x ,„ll.ctlon». oroMblJ ■otiv.ted the 

to, tt.ck of th. »l»rrttt, of «.U«o«l«». _ 

. v.. (mtbal roptoMtotlonJ «w 

j«.loo»nt of indlTidu»llMO nuob.r I™ 1 " 

.topi. -thoi. .f «.un« to«* le ».«..»««*»> • «• 

to.,.. «.* - — ^ coiuctio " : ! 

to U«P»I CI mc.ptu.l l«el i« 

— ~+ i. <~ w . (»a u«.t W to- 

ot eooBti,,t y ■ r 

- ' 1, »y b. . ^ •< * * — ~* 

- and t«np) ■»> »■ • * „ oractice 

counting or tow. n ascribing .otAthiiig 

Tblrd. If .«1T — «" * ^ ute of 

. »th.t *» noun. » *" *" ~ 

concr.t. »th.r thtt « .-.trucllon of th. unit 

^ to count** MM .« «-U. «^ ^ h.» 

• » § , ta A . .toiUtit, of ~ oM«t. ..cb 

*»ttty or p«lr» oi .««>..• (•■ » „ 

- - .t — . « — - — 1 u zTZl - 

^ Mint !• the do-etiptivo of nu»r*lt « 

roUtoa to « ^ nuti e r ic.l quantitio. 

Ub.l. lAlch «rk pcition or location r.thT th 
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„, th«-« * of r.«. »—4 ^ • 

^ . - - flr " ^ 

^ • «uecee.ion to indicate 

. . _,_v« written in ordered eucc«M**»» 
or ap.cialixed graphic nark, wnwen 

- „,-.ro«ity of whole collection*, 
cardinal walue ©* the nuneroeisy » . 

\ ■ . ■ ' 

Th« Development of Written Kuneretion 

ultimately »« " » -•.tematic u»e 

syecew, . * *v«,m« Which theee euh- 

*h» standpoint of changee 
poet-Arabic Europeane, from the atanop ^ ratl0ll 

■ . " * mto mankind', hiatory of numeration 

..quent civiliaationa introducad into e-n^ 

systems. 

mAvlonian nuaeration 

*. <« .athematlce were many, bur their 

The Babylonian achi.ve.ent. in -the- _ .^e.im.1 

, 4 . o£ ^tareat here. The Wbylonian. had . ..xage.l» 

notation i. ox »peci«* «»„ 

notetion for which reflected . ***** 
0,-. 60) number .yet.., the notation _ 

t* toablnea' a feeture of tallying l» «i 
(10 to addition to 60) . tt conblnea _ ^ 

n * with the -ore important feature of po.itional notatx 
o£ the nu-rel.) with the - ^ ^ 

.^^anpeopl.. 

tbrough 19. 21 through 29. and .o on «P to 59). f 
. r to h»ve acquired elenense o* 

who brought Babylon to gr..tnea. t0 



th.lr ■.tb—tic.l «T«« fr« th. *■» 
«^ r - ««• 2.500 ».C. (2U... 1972; «Ud.r. »«». 

„....* „,. .oft .U, t*U,.. To..t*«.o..*ttU^t«o....c- 

. *» u-- *«•-* " tl r- lnt -71 

»d. .t . dtft.t«t «l»t.tt<». T»«t» wm con 

r^2„». ;" 4 ;.;;r 

- ^-a-- fo titan from the context 
cun.lfor» - 1. «d It wo. laft to th. r.ad.r to 

MM 1. *. or 3.600 waa th. Intended 

, WM used 1ft tho following M"*» v " 

foaltional notation wa. uaea » 

for 10 ^ the left and 1 on tho right; 12 wo. 
written with tho cuneiforn for 10 <m tn 

mn i.ft and 2 on tho rlfht, and mo on up 

« «.»,. ---v for 10 on tho xoxt •»» * 
conpoaed of tho «arit xor *« . 

*«t»<t i»v tho cuoolfora for 20 on the 1»« eno 
to 19. Twenty-one wo. f corded by tho cun 

^ 90 iho pattern wao repeeted for 3i 
1 on tho tight, and so on up to 29. Tho pa«« 

To 7* 59 All of th. higher nuubor. war. co*lo.tW of thi. 
41 - 49, and 51 - 59. 01 w . tn 

\ »«m fa . 70 «. 60 10 but with ... -M" to 

poiltlonal pottorn to.»., w ™ " 



on ion «*• denoted 60 60; «nd 130 by 
ttflfun; 10 w -tfVdUBtai by 60 20; 120 «• deno 

«0 60 10). . fc5 *nn«t 2.000 B.C., 

«*. *.« ««n 3oo ».c. *.t 

^U. - - 1 rr only w , 

^ Li- - — ~ ^ r sr.. 

j „ ,i..iaai friction* 
.f t» n*U l«.i«r.> « „ ^ jo/60. A 

,.r «-»te «h. .t«» for ^ 

rrocuo.. ho* oo.ei.1 -~ <** 1/3 "* ' , _ ^ 

« . ^ m 4imm used In the e»tw 

.re cl..r indications th.t • deex»* i 
the lnbylonion*. thoro .r. ci.« 

also in u... 

It i. only to .tri^^ 

context, thnt the (SSi, ■•»•«•• of 

witht, .re.., •«.) ««* ^ chaos of 60- 

b.v. th.it •«ct 5»;^i 1 ^, <h 2 ! d Si.ion Which 

divi.ion, i^our STciviXiz.tioh U+V 

characterize the unit, of our "™ nodifiction. 

S hour, of 60 -tout.. J^l'jS'Sff.rent elM... 

of obj.ct., .ttch M "P'^ctoll iy»io« ha* been reeog- 

nixed with sign, for 1, »t «» 

in Wilder, p. *5>. ^ 



* .v M . tha vukn... of the Bliby- 
.Mid., th. i^l^ti. «»tl«»* *«..««- ^ 

««mU »m that •a - '*"- 
{•signs for ..ch lnt.g.r. PB,|B * 

«t.d group, of th..e «.di.-.b«P.d for-. , - . 

*.v.lop-nt of po.itioi«l notation. 

valu. notation ll*. in it« 
Th. importance oT l^^Z^^ l^ ^J^ 
capability for «V^*P*a SEhas, i» o£ 
• vishss, or as onaU a.^ on. wi t ^ ^xonian 

be.ic digit.. "SSSiTTl*^. but in 

SffSEir 5 ^|rLra.tpUc.. lb.— « 

eonparabl. u..d (p. 50>- 

IO „ d-r.ct.ri.tie. of ... — **- ^ ' 

in «m. the « v pT „,r».iv. «vol«- 

MfhMU. wo ooinf *»«« „™«.ti<» WW-- 

« e «.itr. «>• th.it .rbitr.riM... 

Urn IntMPon.. » »«*««ity. •» 

jjjjrtmaoistioa • 

The Wftim bo* «o « a. 

a «. th.t «» »t.ctic.d i» M* Uf.. Ih. *o«.t i. 

— ■■— ^-r** L.ti.cu, 

asrkinf WM * Picture of «o». obJ.«« Bicti. 7 

• 4 for t jo. 100. 1.000. X0.000 »* W . loter 
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_^ .. ^.t to indict. th*t it **» *° 99 
fci.r.tic «rltln»). *.«»«• 

^a- an. »/>. — — «* * ^ 

ordinal nuaor.tion i» ««>und » w«* 
..rll«t ovidonco of ordin.1 nu- ^ 

•«*<»\ According to ©aottift 
(Dantzig. 196') • Accorw»» 

Th. rboonicin origin of ^^lo^So »t»tii*i*n 
2l.5rS~r.tion ^S'^tJli i»ith ^ ^ . 

hat, «ni •«» **" * 

<».»>. • ■ 

****** **~ *• "»- telM »' — ai.tl.ct .11". 

.„» „t.ti» » tetM * r * J t aphrt . t . el a.t -* 

i>mBMid of th. l.tt.» of tnoir 

— T ^ „ «u » - — — r* 

«— U ■ " „ ilwus, IMS). * ut tt0 * * eot 600 

^ *• «- ^ ^ tta . f 10 a*. 

«.d »«* *•» * . _ _ 4 

*« ***** uttw - t „ WM ;. W o.'w«.t.««»'» rt "- 1 
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». «. of «otdo -lib pUc. J*"**?^.^ NT 
^ °-d Wti*umu of tnati objocto or idoop. *« 

uckidlT alios »o by "too wijo ... 

sod n on. Ibooo •£"T2r2 I . wtttttn. boo 

tbo ooroo 1» nbloh octontifieWTbo-oM^ wk J 

ft. .ddtti.™X odvootji. of «t Sold to* 

«. olpbobotio* of ^t.ti» -ox. oi-Ux in 

tb. t tbo, id»tifiod o-b.» b, Uttor »-». «~ - — 

^ pUc. «lo.. « *• no- .« - -p^W- 

f„ ^ — - -a -r T" £. 

^ for . H— *• U«« .odoptpd •» «~ 

u b^d » . ~* « * - — » «" * " le,d,ttog) 

„ boo.... tb. mmm» »t *>»«•» tbytb. of.W 

*.t «b»o ta*- ~» -too. .. *- dooP*. «ho 

f« t «b.< ^o — «< ^ — ' « — ^ ~ 1. 

_ ^ of nwr.li. nonetheless, the idea 

turn have an topact upon the writing ox ™* 

of ..ro «a. known and di.cu...d by the n~* century. 

^- ti^ te iftieto* the center of Indian 
Irahanafupta. *»o lived .oventh century, 

aetronony, to the aeriy J«J » treetnent of the 
give, to 1* l£*l7t dtocttt. . ay-bol, but 
properties of aero. **™Zl?S*5m* «»y aero had 
he .how. by hie trwttejt ^ to» °J* d J ^ ccoefc 

• acquired a special _jif» Usance •J^Jg* «n«irint, . 
or%ther ancient numeral, with 

. ee. •»>^^ U ^L^ # £; i 5toT«f the ealcule- 
SS ttlZtiSZ Srpinshi. 1911. PP. 32-3). 



Mtim * Wio- To £»«!«-. *• C "' U WUrt ~ tte 

Hindu Mjas ggSlSB 

_ ^ "una in cv. *~»ti« » ~-»- *«» * S ^ 
first or Mcond cwitwcy 

<». 20. «.«.*.») — rr* ^ ■* 



„„. « ^ «m U WH. «-t *. - — ^ 

.-it-. - -—««.-' *»> *• 

^ ^ V, *. Hindu. W. d=t .;«-'«-. , 

hold«t) i Utti it v« npl.cd *7 » •■»» 

m^M th. A*U not.tion «.r S,«* «• - ^ 

. 4^ - cm- *. «m — «- - - : r ^ 

(Smith and I«rpin»*i. 1911. p. 56)- 

w ,„„ o*t«i« to * <»«> ?— ■** 



of aero will 
•ingle 



f wmwmm • — — — 

»achi.»ememte 



, m twwlop— nt» 



The dif f oeibn °* 
world and Into Ian 



<aw tt«d -t « one of the gr..te.t 
f™. o£ ^ human wet <p. 33). 



th. Hindu ootawohal .y.ta«, through the Arabic 
culturee took Place .long ecnolarly and tr.de 

, fc ' ^ ftro L M w gradual and -t coo.id.rAU cultural 
channel., »«* P^f*" W * • i ■ • ... 

_ „ 190Q for example » forb.d* the 
L«« A statute Of V99» xor-«»T~r* » 
tuiitnct along to. way. » 

I u *«v4<. .oMiali and inai.t.d th.y retain 
banker, of Florence to use the Arabic auaitdi an 

tion) and tho.e who need the notation. 

of our daily *J £ *'^.*"£. £ ite notation, the 
thi. ^^SSoduced to calculation... 

•aae and elegance it in wo w 5 pllit accep- 

ahould have "{"•J.gL^S, Sanction, far iron 
tanca of it. p rMli 7i I.* lon . eenturie.. The 
. being l-~^t: AaciS! ^ oSended the old 
atruggle ™^£JgggB$& Who advocated the re- 
tradition.. an> *• ,^gj^ to th* fifte«th 
form, laated f ton t*e el «g ^ gtag ., o£ ob- 

-.-I ratio, of two whole number.) per.i.t.a 
(that la. fraction. aapre..ed a. ratio. 

m A4~. fractional quantitiaa. the 
- «- « * 7 . fourth. 
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tejaat. « assist asissssm. B * — - 

-Id, - - ■ «" • ^ **" of 

«Hn.. »72) . «« -t-»— »* **- «• 

until th. •itf.ttwth ewtuty CHUter. M «B). 

Ctmclmlcm 

.hi. bftotlcU .««T of «h. W — — 
„.t». point. ««. *ich or. „«h b«ri». in — 

.tudyln* thiMtM'o l..min» of th. •».»». • 
' (X, 0« d.01-! ^.«- of »-*« noft^ i. « — • «" *** 

Oth.. ^t- «^ ~* 

10 without ,Uo. — «- — * * '" ttCUl " rly 

«!.„ W U «* -» d..criW in Ch^ft III); .tiU. .«..» n.™ 

«a ^ »o»ti» -4 — <«* -T 

tad both . •»• o" 1 - 1 < *»» et * r) - 

(« ,„ i. .h. h». of -» .«.»ti« «r.«-. «« 
.f th. ^ «h.t ^ * . -th «. 

h.« h«n » -I Jfn «i MM •? — < 

„, o* n.» to* «, — •. -"f; 

f. ... Emtlm hiiroglyphic.) 
«, «nd.d to.hw rtth.r. »t. oKoin.1 (..*.. EITPt 

* (..«•. .Xpn-»tio l.tt«.) *h„..«r. 

^ *out f- .»t«t «< ^ «- f*m 



/ ■ 

/ 

■ j 



« re i».d .id. by .id«. to di«.r.«t .p.ci.Uxed 
(5) Oft«n two .y.t«a> p * 7 

l— , - — - * - to ^:r2 

f <MtnB r.li.. on bu»h.l» 

..ft. -Pioy. -,u.r. foot.,. »d .cr..M; ^ 

— ^ . to indict. . <* e 

_k 1 «f th. UbylonUn.. c 300 B.C.) ; it functioned 
«di.Uy u..d «y*ol of th. Mbyionx«». 

«w.* »ro could b. tr*.t.d .. « « 
„ » pl.c« boldor. Hhil. th. idf. th.t «.ro couio 
M,p " ^ --^ wat tooim to th. Blttdu. 

m if it .ip»i£i.d . quwtity, m B"» / 

were . nu|*.r, *■ ** * ^ . 

a n .0 notation corr..ponding to the 
o£th..l«bor..v.«thc.ntutyA.D.,no«iot.t 

1 , , ««> «« r«pon.ibl. for th. Introduction of th. 

21 - — — ■ ~ — ^tE? 

i-h.t s.ro as w. knew «nd u.. it i* • 
th. tw.lfth). It i« «Pt«orthy th.^ «ro Jf 

co«p.r.tiv.ly r.cnt invntion. * „ mlver .. U * «do P t.d 

(T) convntiona notion* ^ h« ^f^ 
£ th. ^th which both .v.ryd.y «* «*» c«*l*f clc«L 

I —- ° £ ^ it «ut w. h..d to k*.p i» ^ 

tion. cmi b. p.rfor«d in it. Ittt w. n.. /■ 

1 la — - - — — 



o 
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tt . t U W i»«b.r b«d»d ,«» or .. b.tor. *. dp**.-, do- 
,or «T„t.d. l.t it la -orth mdlM 

»tld», d—.d <«* U« dt.«rd.d> .th.r ,xo»d«~ *.t «. 

Hntti, (X967) *«. tb. f.U»i». «-P* .f »i«i»Uc«l«. b„ 
"doublings" used [ in the Middle Ages. " .'">'■ 

. ° ~ «w.4 rt— nth century notation 
.«* Modern notation ^ nxTtc - — ~T 

46 368 + 184 + 46 - 598 

* 598 

. uch ^ » «b. — 

wh T «bUd«r. .. «. «»"" » 4 

. , «~i M t- reality or the idea which 

tlowl syitt. li f« rwoud ftoi the c«mcritt ttauiy 

that system was developed to represent. 

Beviev of the literature 

i. bro.dl T di,id.**» ««- «.«: e ""» Md 
,«b b.b^« fr» -.id,- tof „»». c»c.r»i« tb. »tur. 

^ ori.*. .« .-tic- id.» -d.; .tudi.. *o«..d on 

^t b. dr„n; ^ «b. «■ ~* « — 



to ioflttcnci th. count of cbtlW. tewttdt^buildioi .bout the 
•wtitKm cymi iu our •etoolo, I hmv. tri.d to ..Let .tudl- that 
rofl.ct • of points of *i«v conc.rniuf critical ..p.et. of the.e 

topics. 

lirly "Hi»b.r"; S«n.orlnotor «nd Counting Activiti.. 

, Ih. ..n.ori»tor p»cut.M. of r.l.tio..bip. .nob u on.-to-on. cor- 
t»po.d«.« «.d wriU ord.ring ««r. dl.c.«r.d in «h. =.«.. of b.bi..' 
npnn«».o«. Pl-T -ith . c.r.f«ll7 cho..» ..t of -t.rl.l. <Mor.no. 4g~. 
Sln.l*r..t.*.k.ndV.rb..l976). t».nt J ^b*i.. b.w«» «h. «« 

U«- in .hid. th. fplloning n.t.ri.1. »d. nv.il.bl. to «h.«; .ix 
n-ting cubM <t.pl... »nt.in.r. wtyin. ** •*» *"» 2 M S e " bie 

«.„,!«»»), liu.wta -tic* («*»•>■ ft » s - » 

„ d cl.T Ml. (««7i«g in di».«.« fro- 1 to 5 .«««««.). *» 
....ion. «.r. ^d»«o.d »d l..«d *.u. 15 Innt.. -oh. . tor., of th. 
.iw^CM^M lon.itndin.lir (.!«, •*>. — 

tin.. r..p.etiv.ly). .nd *7 Mwiew «r. h.ld to nil. 

Mor.no « .1. «i.c.rn.d thr.. l.v.1. of lo«io—th«.ti«i '.ction 
fro. th. b.bi..- «tiniti«. * th. fir.« Uv.1 (10 to 12 non«h.>. 

thr.. «tion pntt.r» «.r. id.ntifftd. (1) lh. ..hi- «nd.d «o*» «f- 
f.r«t notion,, -i* diff.r«t obJ.ct. (tnpping »d hitting «ith .Uch.. 
.nMnlng in.id. n»d ..fid. nith onh... .nd pr—ing .nd biting "I* 
cH, b.U.). CO'*, »P»t«d ..<».»«• of ««i«» -I* 
(..,. . picking np . h... btoging it. throwing it. «d «h.n r.P»ting «h. 



4. 



Into one of sue w ** • . n -ft*r en- 

»«.• tahv ■iifrt touch, one dm* 
t« the .econd pettern, the ©eoy 



A./ 

»« cub" « " «» tte » M ^, n th-.Xd 1-bi" — 



tive of *het will enetfe in o ^ unaeriird * 

, 4. mo loilco—the^tlcel reletionthip. » 
and eexiel osdet, wo.w"" 

construction of <- 1UK 



^ MM**** «-».« «*•» ^ ^m™.. . e<lu i.itio» 

„-»r. Th. «...» of .»«.. _ ^ M B(- „. ^ 
r.l*ti<m«Mp of counting to ttnd.rnt.naMi* ' 
** -* ** " U ' , wWh.r th... .tudi.. illu.tr.t. th. 

^ iiiui dlff.r.ntly, «nd w 

w of ^r.,.«i«. - -» —** U .^^^ 
. .* — «uu ehildnn'. eountinr. «*• •• C0M * 

.^au * r* « - - ■«* 

. ™t for «u»tlfle.tio»; ■«* «* *" tttB 
» » to,tt ™" ,t * . „„„ tn ...UW c«.«r»ctt.n of 

n«to«ity. , V.M..B Attract wtitto 

«d MUUt* <»»> di.tl»l»i.» o«™» n . 

r eounrahl. «««o.itl..- »«* «»» th. 

of ^ ^ .^ ^.^ ft- th. 

fro. r«li«» » «* tt —n. of eountta.. 

- ... - 7 ^ J tet „ud»t. a«o— 

„« cMUr.n fr» th. .f o« iccotitely ^ op 

£r « ... to flu. oM.««. -»*.*• ^ f „ ftw prln - 

Clran «d <fclU.t.l oo.lt.4 . .« o. 

— *f — . * Ce,Btl,,, • "1*1... .UU.. Th... ^ofpX... th. 

,h. ,t.i«.rt™ d.«X<w»»t of chtldt. ^ nu « I0 .ltl.. 

v I. childran'. counting ot 

*i«t tht.. of «hi<* ran h. found » « 



<(tO» WO to a« *Jtoto>. «• - Mlam> 

x. «~to~ * — " **» *• 

M.iiM« to Mch *i«et to » eolUetlons 

•, .,«*u^^- *» — • ,h * 

.» W U.d to to. .« .td« to .11 to.»»c» .£ 
•nuneretlon; 

,. Ctodto* ^Uu. TU U.t «. — to ~ » 

. . ««Bt tht ou«ero.lty of the whole; 

4. ib.tr.ction priocipU. *>. thr.e county principle. c.n be 
applied to say collection, of entitle.; 

5. Ortor tototototo. to, .M.ct to- to — - 

«. «-t. tot to. »to« to -bid, to. toJ.«. «• »,»t.o to 
. irrelevant. 

ftak . (198 0> .tooted older «M> counting * teletion to .any 

..pact, of their -athe-tical . ^'f 

, olece value, and «ultlplic.tion. B.lng the 

tltlonlng and •ubiti.in., place vax«, „ 

— ♦.Anion, .he found *h.t children from five to nine 
clinic* interview technic-.. Zu»t*W*U^». but that 

leerned two or »ore ..qnence. of nuaber 
•eriou. problen. .ro.« ** th.y l..m«a w 

'ft 

. ' u«to» * v. to V.- - «-~ -"—^L 

.to that .one children u.. th. on.-to-on. prin 

_ r llBt - of tog.. Stak. found that .o»e 

:r (to. — — * - — - 



_ th. fi»t «~tj *J«» b.f.» t. «.*« u.t 

dlfforont «ord» W« *>* tho Mae. 

to prtvtnt low or i*in. 

/ \, ii Bt of auabtr mmb to b« ui«d 

tag 1* • * 

• • • 

m ,. t . ^ cnot ». - *.«— • of ^.mci™ -a «" 
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„Ud «»t *•* thM — «« — ^ *** ** 

U^r m «««i»d *» -th «c r.-. «. of «i» 

child »«ht -7 th.t -iht i. «r. mm— ». 

«» «». .m th. «U4 -ih« U£l» - 

a. l„t sit— ti— hnt *M, th. K-MW •< -«*U»i». .,«l«X.nc. ,y 
adding—. »" r« »«M «.«.".—<-»•" «** «••"' 

C»» fo«d thr- Uvl. » - — *«•• * ** T 

„„1 <»-« fi« ,«» of ...) M-tin. «. » —ei- — At *» 
. ^ M <ron»l, »*> «« child Pr..«r»d » ». U. l-f^ 
mIthouth « did occur to .i^r-old. «o -. ««« '« 

x. - «t -m «h. thir* i-a c»o»« «h. - » *» 

tad b-o- . r1i»U tool for -t»li.hln« «l«lr»l»«- 

». l«t .PPtoocb to -«*«»•. co-tin. i. c-t.»d on th. cttruc, 

tiMOi -i. it-.. orMCCM.i-hind.of — « ~ 

«M OT f.UMduoh.r*.,»8i). m th^MtMt.f. i-rtm 1— 

^M„t -th — «««r — -UdrM.St.ii.5t5i. .«dUd 
th. mm of co-tin. in th. mmW«-« 

t-omiMl .t— i. MpUciti, CM.W-.*. »* **» *» ' M » 
^itiM Vith *Ui.«i« — .. MO- » «*— 

»- th.ir p.rM.cti- "-.tin. r.,-ir« -t «, th. r.cit.ti- of th. 
.-.d-d .-h.r -.rd -,«.« («»S) rt-Mid. th. -t-». or - — 
to — * it—; it in— 1— • •—* id—* of i*h.t —it. or — t»i. «- »« 



as wall* 



„, «.. Iteaa thet aake OP plorelitie., the 
~. .iniua and dieereteoeee, ot the "•»• 

T „ _ rf -« t o account for th. .biixty 
old«r at*. to ord.r to , « M tt«rn of attantional 

M.-.r.f.ld (1981) postulated a pstt.ru « 
anong object** ' * . ^a^tible 

« * #«* but not necesssrily ioco«BSt»»e 
p»l....« «H. -odol i. dlffrnnt fro., but not 

with th. result, of the study by Hor.no ft & 

With> tt * _ nilBiber . unit. thet ste composed of 

St.f f. ft ; A , Point out th.t «• •* 

other unito. Iheir w» 

Ml »«*er "toot" <* «» » "* . w „.„vi« entitle, thet 

. .« to be oleerete, reoeeteble mBB " 

.v., t* aeke other eoepoeite unite, 
can b. co-binod or ioinod to,.th.r tb -k. o 

*u ^mttina to dlocovar (Cal^n «d C.lli«tel>, "V 
nal nunbers. Thu. counting « paction 

. rs^ke) nunarotlty, involves two levels o* 
(Graco). or conpooe (Stske) nu-e t C o- 

• in counting, the RW5 *■* w - * 

or couceptuelisetion^ further-*., to _ ^ # ftf 

*4„a. of fitural pettems. to. typ. con- 
ordinat.d with two binds ot txg»r«. r 



•patiol-wiou* <.ubit|«i«t. or apprehending a P*ttarn of item 

(e.g.. end proprioceptive feedback that com* from 

tnttint -t finger, to count, or touching it.». or the auditory end 
.Dtor rhythn. a.tabli.had, for ofple. 1« the proce.. of counting by 
(lm ot tan*). 

Th. fro. .M..rf-o»r to conc.pto.1 mitt in «,« co»»« 

of coimt l„, i. «..«rib.d th. .o«ho» in . .««. of five countin, «yp«. 
Ih«. tm». iron which . o.rll.1 "onto*..*, of conn.*!. itt»» .-r«... 
««. bu ^ « infottntt. oonoomin. th. loon. ot^niMtt-'. ..»n«i» *> th. 
act of counting. 

• X. farceptuai unit if. Children need thing, in their percep- 
tual field in order to count then. 
2- Figural unit if. Children can viaualite or r«-pr..ent en 
object ft is not fedi.taly perceptible; the figural 
repreaantation aub.titute. for the perceptual item. 

3. Motor unit if. froprioceptive/kineathetic aignala, 
originating fro- phy.ie.1 •ove-enta. can aub.titute for 
parceptual if. and thu. be u.ed aa countable if.. 

4. Verbal unit if. The utterance of . uunber word that *c- 
co^eniad the «tor >ct cen^oe t-ken to of* for a countable 
parcepfl if. word. repr..«nt if. to be counted. 

5. ab.tr.ct (conceptual) unit if. Children beco.. wholly freed 
fro. their dependence on aen.ori.otor e*perience. 1. • 

in, taak. on uttered word i. under.tood to i**ly the utterance 
of the .u*.r vorda preceding it (e.g.. * + * U "Iv* by 
* counting on fro. four: "four, five, .i*. .even.") 



„. .t m *" f 

, m t*i definition of number, 

i M 4.««w)ioKic»l atance, one . 
nenendtog *P<» °°« • •pi» t «* 0 * w * a *** ... 
W BnB *'* "T- • ••♦.w aft two-end-* - 

x * m»*ar it underetood ae • •* iy a. wo 

•«a «••*■ focus of concern, nun© ex *» *** 

• B4 ro,i . ... At-, ■intoum it appear. 

_i* «r ae late •* eaven or aor • y-re ■* •*«• At •, 
half or a* Ut. » callad won, and that they are 

th.t different kind, of experience, are called «pon. 

. «» the child', troulng avarene.. and under- 
reatructured -any ttoe. over, in the chiw • 

.trading of nunfcer. 

lerly "Huaher"; Crephic lapr.aent.tion 

„ , w m th. dev.lopn.nt of nunericel repre- 
iwo .tudie. beerlnt directly on the neve f- 

„ to 1080. In the fir.t • 
,. tlon „. r , z «ported to the literature prior to WW. 
.wtetion »ere repo three eapertoentel .itue- 

. tud y. conducted hy «d Hor.no (1976). three ap. 

tion. ..re d^..d to .licit ehildW. .pontoon, a^l ^ , 
tion.1 -hod. of repreaeottog .eutitto. - 
Mown. «» **.».«. » . eBoM]ttl tb . t 

.... — *» * ^ b< _ 

T 1. of - - e-P*^ ln ° £ fl " - „ 

fro. .««»»><* t«-T«x-.W.) »«lel P . 

..... «». — - -.r — '* 2T.;^ 

... * *. - — * Liu, ~ 

, . . m m «>■ then aaked to grepmw**/ 



.alio eoold oo. *• ■.•••«• to tdl fco» ~W ««• °» 

^ .«.«>*, ». — *•* « r * iid 

^ «. «■» *tw> - - r — thin 

MArfO. chilton woM ~«*« of e«dy. 

fc a. -co* at«ti». «h. coU.cti™ of -«~ "» » 
both «. ~t .cro.. <_ «. — « .t . *»» «—* V 

« .-..a hu introduced in order to suggest 
In this situation the triable of speed «as introouc 

.„..«. hi* ...... *-t« . PLC «-*• « °" h ' 

«. ..rx.0. <.---<•- * tW.-«t. 4 TM. .ocood 

task vaa repeated ftss Class. 

In «» thir. - M ."uotloo. to. «P«~* 

.« „ s. «« ««o j«.t *« *» ^ MrM **" t**: 

mW U to «.. » oo— ««»t. • 

». *u*.v W hic w ».»t.tio. .» ««. 

on *. .... - *. o*« ^ o«>. - . *— - 

«u*. «— - • »— » * 

sewn elements, tespecti^sly* 

i ... 



50 , 



vJZ ~* ~ of »- ^ ~- *» «~ i .t- 

% n_4 with a drawing of an 

^ *-»•«" 

octopus (eight leg.).. 

. ' ... M _. oor.on., five trees, or 

Tfp. lib. Five ol—ut. were repr—nted a. five per.on., 

" « * «f »M.ct The »«*«r of (identicl) object, 

five of .one other kind of object. The nu» 

. ^ ..re drawn corr..pond.d to the n«*.r of *-« f~ * *T 

Tree He. Seven elenent. were w»» s . 

~ * ^die. The qualitative propertie. of the ele- 

•entation of the .even cendiee. Tne qu. 

/ ante were preserved. 

. , 3 4 , 5 « „„ «*t«nto ««p».«. rf 

•ri*ii« tha nuoarala "If**** 11 ** - 
fhu. the no- M< £. ltr t o identify •«* object with 

candy. There .-ned to be .one neceWty to i« 

k for .one of th... children rejected the .««ge.tion that 
a separate nark, for .one oi w» 

a .intle «**r.l cculd batter repre.ent the whole. 

a .ingle nuner. _ ^ the total 

Tjpoll. The children need a .ingU ««er.l to r P 

nrii fnr five elenent.. 
quentity of object., e.g., * for X1VB 
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ta.t» m* Mono, to— Wt 1b imta. »*—«•«"" 

», ..... ft- * * — * J * ct - " lc<mlc 

•mm*. .£ th. fl« .M.e». «* tail..) toell«d 1th .... that 

«tiii..«i« .f xm. m -» » to-«rti> w 

tt. „thor. «.t.M.d «rp«l« « fl«dl». » -* 414 
did »t *«.t»..».ly — •*»»• to to_plto» ««»tl«, in «h. 
fi»t t» .np.rU.nta .lt»«U«. *11 of «h. ohlMr.. h.d of «.«» 
b..n ttnght .boot th. in .obool. S..tr. ud Hor»o «»t <m to «md«r 
•h.tn.r « totolt «.th^tl..) nr. ««!»««. chlldr«>. int.U.otu.1 
funetloolot b, not d.v.lo,i». that o^aty to «. th. ^.r.Uo» «. 

*td, that u.««d («ught) ..«*«. «. b~d. ^ »iM.t.d «h.t « 

^«h, b. ».«tl». *lldx« » th. »U to lnt.lUet»l aJ.-tloB vot, 
..rly. h, «h» » .«afl« th.lt «» r.«onin, for «h.t of th. 

adult. 

..cond ...dy, ^fdhy Altotdlc (»77.. 1977h). toou«d on 
,o««.r tollto*'. lnfor-1 (un.*..l.d) id... e«tornln, th. »P»- 
,„„U» of fo« ««h».tl«l «.»• Th. eoo-pt. 1.01-d.d cra-aity 
(or «k. .p.oificaiy. «P— « „t .-.roaty). f totlv. ,«.tl W 
< w r.«n«n. «- of «« ,«»titi« - W «»» th. 
„ d .^«««o. .P.»tl0« 

Of th«.'.r to« *J««. hro» « ».). t^.r.1 .rd.t (POtt W ln g 
... «,«»« 1. nhi«h thr.« ohJ.=t, a..UT.d. .»d foorto.. th. 
„d« in «hich . a..l. .hj.ct .» ««d f»— » •»«*« ln 
•pact). 

*i. .tndy 1. of l»t„..t ha. b.««« 1« th. d..cri.tion 

„ to«l*-« of » * "* 
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ERIC 



5 k; 



children 
ferencos 



.. •< ~» — * fa-""!.,) «d UXM d«- 

the finding* of S««r. Mid Hormo. 

^U... n rtjM . mm » 

tf „. L< «» di.trib»t.d ««. f out t»-P.= «*— 

« JL~**- ! ' sh. ««• . .««-*. *•« — « ** — r*» 

in .«.../ ^ ^ e " t "* 4 " ""^ ChlUl " > " ^ 

,„.L *. w~ «-« >• — >• ^— 4 ° £ *" - " klBg ,uee 

behind his b«<*. / . 

I 0 -- ■•■■ion in which in- 

The procdurUm in thm P«t.: . .crocning ••Mion 

J- tfc* .ubl.ct.' understanding of the id«« 
formation rognrding tho suojocw «•» . . 

to tJ, J**-. .. .« — *~ fM4i "* OT 8noopy 

^Utl to tn.ir „,»Knt.«ion. «-» ^ ** » 

^ - » «- - •»«- ti - (t - chin8> " "7 

„ t i„ info r nU««^-X^«-»»^ ttat - th0d - ~ " 

„v m v-i«, friksn from AlUrdico, 1977», pp. 
wntal took* ore described below (telten rron 

L * i»r> etudied in two waye: production, 

Inch of the four concepts were 

^™ d...*»- » -iW. -odin. « ^-.ntin. .f id.". 



^ «i.»Ut,. -d «« ~» »u«d . a. t*u. - — » 

M— of th. trtO. «. W-» <th ~ 014001 *• 

!«»). — « «• « "" 4 tU 

U ,.p.r ellp. »« a. --i— * - 29 - 

lite »<m to put thl. •»»» » "« » U "-" 

q» r^T 1 °" J " eUro 1 " "** ' 

« to« ,„« «. ut SMW i- ~ - — •" *" e£ . 

of ».» - «~ — " ■ W4M 

JL- ~a« a* - ^ 7"" 

/ . , 4h> v Svu Mked to construct iiinil«. 

Ld 6 paper dot. w» p»t«d, ate), sw •» 

/display.* . . 

^ t.uu. r„ .dditi«. I S • ' W 



«» I *»" 4 »°" £11 "' *" direction 
ordr to Hhich • toy ^ or . £our 

- • ~~t^r~C- » 

— . ««t"lt vu mottar chlM'« «»«»««• 

entity. »• oth« conc.pt. tti.t .h. .t« 



nation «-" ,r ' 1 erd " - 4 diMctlM) ln " 

«h. 1»« of ***** ««»«• « rt " 
»U. tM. i. of p« t in««..t. it M th. .P.d«« «— of 

thl» Study. . 

OUrtta. £«ad «>" «hiXdr.» «*l.y«« •»» "** ln 

^ .« n-.ro.it,. «a 4-tit,. S« of «... — 

«. d *y ddl*» .inlT. *0» oth.r. oft» ^P.«.o i» ** 
int.tpnt.Uon of h.t ctttoii.. foliom. 

cjsasa x. .f *• <»»•<*■•» " 4e " Brltt,,g " 

Uk." *« e«.i.t.d of Mm ot l.««.t. or «h. .lpb.b.t. 

S« of o.r .«b,.ot. ..id «h.t ton «» "«i^"' ~ ««— - — ' 
. ± to th.fr -rb. (..... "it »T. »«.« or "it m» *- ~X.">» 

,.. w» «h.t th.ii «rta -ttt. .«n if th.y th«..lv.. 
•aid th»t Snoopy nould toon «n»t tn«ir 

could not in«rpr.t ttan, b.o.». Snoopy ~uld mft. 

*. u», -id. it - *~ - ^ 

t „ P „d.d in tM. *-M» t«*.d to — «h. id«tie^ -rb for -X 
crdin-ity (»«-ro.i«y) trUl.. im *« «"> — 

,«ntin» writtioo. in non.ro.ity. 

^ a r-LLMriM-l' «nd tltt b. »nmi-r.pr«Mnt.tioMl. 
alUrdio eourtdorrf C*t»I0«««» l ■» *•* 

1D th . tb.t tb^ did not «»Ct. — — — -» » — 
Iro . ». co«nicti~ .t-ndpoint. bov.«r, it i. tb.t .on. 

„din.n,«y b~*d» « «««rX*. — ■ 0 "" Mng " * 

i. ,„..nt. p.r,i.-X«iy in Ct-sory X. Tr~ tb. ... of «« — • - 

Child »d« -oon-r«p».«it.tioMl" rtipoww. 



<*. «r. ******** — » «— > W * 1 " t,) 
ZZtSn. m in - - * - ** O0tten ^ 

th . ^ « ot *«»«. .... *-* . - eo - tunle * te °T 

„ lty . Xo^XU:tH..U- a »« h -..-^.p i c»».--- . 
„. X*. «, «4 4. (.-... «~ P— » «~ 

- — - - - f - d,ti4t " ef r— 

..... *i«*o»«h i-u* - «- •»»»»« ~— «— . 

, v. -a M .r.l.) •»* 4t«ln» i. P««.nt .t » 
alphabetic «»tk. » «" n "' 

..at. end wun»*r), 11 *W" ™* 

«ui that nu»r.X. (or eve* tallie.) are peculiarly 
of different naya, «* * hBt nu»r.x _ 

, because of their shared ««ning i. 

„eli suited for repreeentini waeroeity because 

..... — - - - - r :; 

tlM. Th. Instruction, or Men 
.Lyed . roU in .licitin. »». ^ 

UUrdic. o«eid.red th. «~ -..orU. « 
•tteapte .t wpreeentlng «o»to.ity. 

~~ < . oM.ct. (AlUrdlc. Included 1» thl. ceteeory 
Iconic tepreeentetlene of th. oojeete 



* t., 
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a obiect. the«.el~.) . »• *°** er fihadr#n t#Bd * d 
children «ho traced the object. w»— 

° «..*i«yf for both «-ero.ity «d relet** quantity, 

to «kc iconic tepre.entetion. fox oow 

^ >. united to -eke pictorial tepreMOtation. for 
^o the older subject, tended to * , _ 

^ and to u.. »«r.U for repr...»ti»g totel »unt. 
nlatiw quantity, ann to uw »— 

. W rd. or construct groph. to ropr—nt *he 

For children nho cannot «pell wore, or 

, « *h. id- of «kin, drawing. .•— 

***** or ltHi the xa«m • 

notion of «>» HK.no'. Tn» He. .u»«»t- • 

«. ctogoty KI i. .i»il.r to So.tr* nod Mor.no . Typ 

" c f w r.„nt.tion P.— ' " » — f " C °- ml - 

tint quantitative ideee (nu.cro.ity an 

— oi«U..«m...X..oro«,« 

^^rTnot^o to *• - -U. «- ^ 

TTdl Asong the four-yeer-olds, 
, - sutre end Moreno bed done (Type Ud>. 

jtt .t a. Sa.tr. «n eerdlneUty t..k. vhile 

tt. »u»ber of Category IV re.pon.ee incre—d 

t tt and III reepon»e» declined, 
che nunber of Cetegory 1, ». «■* 11A r v 

. t.UT 0.0.-.0 "SooopT -uld think it ... — 

.» «ould think ttot it «»J«? *«• ««. 
"* 91 «. _ .. l0 „ Bind thert i» • 

"Too don't *~ ^.J ^ „ ,nt t...t«or „« 

^rwnt id.» «itn th.ir o«h.r notion. ^00 ^ 
«« l-d «t to ooordin.t. th. i«X»i«» r.Uti«»niP 

first diild nafl w liAlt 

/ ,.1^1, coordlneted with ordering) , 1#Mt 

- - 41 - T J-- .Ud Md .t to »d.r.t»d 

\ in the context of written nu*«r. 



that ltDM or mj othor di..r... «« «!- * » *~ * 

»*«.««* ». third Ohild-.-id.. T 

«X«di~l, * —» of rf— •» -» tUd " T 

„ mtmm „.n. too, * . «.» ■— « * «* ta ^ 7 "* 

* • / 

bt coMunicattd. 

C«U2a'- 0«.r ohUdroo (f i«- »a oi»-T..r-old.) of «» ««d 

„«ra. to r.7r.».t -.on... b»« th* ».* «-» *» - """^ 
„„. n.fi™-,.«-.Xd.«o*.dt.„pr«.nt.«hi«0-inth.4i«.Uy 

. ..,.»« (s~«. »d »» n», «* .ix-yoor-o", 

»„ oft» ».d . oi-H. -«ra to r^r.M»t th. to»X <*..«. «d 
lfer.no'. ITP. TO. ,««»« of th. — — — 

„ .« «T. «- ««-T»«Xd.. 7« (16 ... * a *Ud W ) — 

ro ,„ 11 > o f childr«. dbout 701 (11 ... of 16) «* • ~«1 

„ „,r.M»t ..Oh * 3 «t (1.2.3,4 M ot th. .in*. 4) . 

AXUrdic. oo-ot.. "Th. «» * th * ^ 0,h " 

S . „.d «Uli«; i» . —on. r.U.io»hi, with th. <«7,.. 

; 67). Soo. of th... childr« «, — ***** ~ "» — 
l.b.ll.d or t.|t«d Itoot in • di.plJer- 

Aaong.t th. flv.-r.T-dd. in^rticuUr. dXUrdic. ««i-d — 
. ddltl0Ml eo-nt. « Lll «i» 9 1 do.'. ^ how to 

«U. 19." Sh. f««d «hildr.n, »i» * 

QUBcr.ll, -hi.. tho« P-rticuUr -rh. to 

«. th., h.« full w.ll th.. th. y «.r. no. th. oomot «rh.. *- 
th... .»^1.. it <-» *» nUM " 1 ' 
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co—mlct. 4if f.r.ot Mont* hu to b. .tmetur.d in it. eonwr.. (. 
forth. nUtladhlo fcono» «o*or «nd ««.r.X to b« «U «d«.tood. 

aamr S, s« of a. oid» cbiid»» «< «***. °- 

«h. ».p.r. to eo«mlo.t. quantity «nd/or to no. the o.J.e«. the «i»- 
y..r-old. «re tb. only ehildr« for tb. «rit«n Word ... » option, 
tti. oidut (roup u..d tb. gr«t«t „ri.ty of fchnion... «»d «>n th«n 
- .ny of tb. oth.r cbildron. «.d tm or w» ..ctaiq— in e«*in.tion 
( ..,.;»«-rrt. «d»ictot...ot»««rU. »d «ord.). Hin.t~n out of 
20 .l*-,..r-olC u.«d n-rU., «d th.y t»dU to «. «»« in the .in.U- 
nu « r .l ». y (S»t« «d Mo».»o'. Type IV). Infr-tingly i»»ic 
r . pr «..nt.clon. ,«.i.«d. ~t only for r.U«i« Q»»ti«y but for crdi- 
„U«y „ «11 (C.t..«y HI). H«.v.r tb. n» of .Hi- or o«b« non- 
pictoria «rk. tod virtnUly di..pp««r.d. dlUrdio. «rit... 

Ib. etoniM thtt oceur mm.. •«• MfUet, in P*". 
SorS.. *> «-d.r.t«di^ fc ».« £^*So 

p* 6B) • * . ^ 

num. ,-tity t„to *" ^ o£ 

«h. chlldr.n th.u «.» tb. ..rdin.iity <.»-t.rt,,) t»b.. Tb. 
old. «.d Ct..ory I tod li-tbod. -or. fr.,«.Uy «b« in tb. »o«ro.i«y 

by of Pietnr... f»- .* «. «». oboio. of F*o,orUl »«,. t* 
r.Uti« ^n-kty ^.»«.U, toot-..* «bil. tb. ». of .Uli.- «d nu-rl. 



^ children can «"* do adapt 

. understand a» the 

AlUrdie. tot.r..tf o contained individual 

^Idren could W x...nt th. id., that a di-pl* « 

(di.cr.t.) J *»W . ^ o£ Bev « r .i dUcrete 

«_ j.««Mitl«k about th. pr.».nc« » 

*"~ . 1ob ^^ic *iid»»'. .»ui«y » 

•~ btt,h r«L~ - — ~ * - 

up t. .*>. - • — ^ ^ . 

did ~t ««« «- th „ tte ..- » f 

—re .iHiificantly «> r « accu ™ 

given .quantity. 



FlMli7 , to-d « to WPbrt to ttat tol- 

^ *, ««..«, t. ~* — * ~~ " 

« th. .i» .* to *J.«.. *» 

mw*ro.ity. 

„«. i. — UMU. in th. ««*«• ofto» 

wo ituii .. coo«xnin. to ,»,«..*» « id- — «P«- 
..ntin. ,«ntiti-. tor. tor. «. ««««.«.. to, « - 
fcI * iM. tovl-^ * — - -—!• <*— » « S) " d * 
««.„«.. in -K*— "Cni,-..: ». ~* » «*. -or. 

ta.M ^th ar»in.. -hU. to otor — » «U ««. 

• T „ b . recalled that Sa.tre and 
ralatad to writing and writtan word.. It will be recai 

Hor.no «r. int.ra.t.d in - « "*» ~ " ^ 

to .cool, in practice ait-ation, wh.r. tho.a -Id have *an «..- 

m . AH.rdic. «. int.ra.tad in chil-ran'. «n.chool.d id... in .Una- ^ 

<-<i.r to a. v.ll «• di££.r.nt from, tho.. th.t would b. 
tiona that war* ainilar to, a. w«j.j. 

ancount«r.d in .chool. - . 

fcr . «i., . to «p«.»t ** "^Z. 

^-.i- in -a to *- -T- ' 

.. « of uw fcma m both .to*.. «»a to 

mP ona.nc< b.W«n to font tjto •« 1 

. w «r««. .£ to., -thoa. in to hUtor, of n-mtto «M» - 
acribod aarliar in thi. chapter. 



Early "Humber"; iMtruction to School 

****** * the .yt» „ 

^ *. a^i-x —« * — ~ - ii ut ; „ 
„»... f,. .« m. *- rf r of ■" ,,i,,8 „ 

«U but l.ft -t «en« » W»« ** «»' «* 

• •■ - <.i..c remedied this ehortcoffilng 
of the X9«0'. •« the ^.action of «orke thet 

.rtunutin. _ -P.- -f — *" — 

of *1M~. ^ — *.* ^ ~ ,^inCl,1 " 

. . »h„ gheuld be giwen concrete exyeri- 

of the deeiaol eyetem, end eecond. tbey enoex e- 

.„„. fro. vhlch to extract end i»«n-U» 

,„ B^en .leb.x..ed the notion of — *• in «i— • by Unbind 

of » — , tb. « - * — 

. -*4«« He de»eribed the eleaento of « «*P*ri- 
aetlc bMic^ly represent action. He oeeerw 

ance Which he believed provided th. ...one. of 

«-v* T us Si p£^ 

SScellv. they .re g".^ thjt ^of other 

tuelly ^JSL ooataSon.1 meaning. h.come , 

bodily movement.. These f?«"*™" .lee... perform 
e.tabli.h.d *J« — 
the operation with the ec W jnyii* wr 

the operation. . . A. "'j.." and vieuml; . 
become, firmer, * ^"'^^Siisation i. not .t mil 
is. th. .ction. W»*ljy» Sate of . mature re.pon.e 

int. (1947, pp. 65-6). 



— value and the deciasl ayetem 
application of mm to pUca walue ■*» 

* . .... o£ ccmcr«te aaterial* in tne 
m .traigbtforward. It encouraged the of concr 

- ^MilMtlon of th« coimtction between 
jMrolnt of .aallar ou*er». and warbalUation 

" * . M rforaed, and the written 

those aat.ri.1.. the action. which ware being petfo—*, 

, v The iaplicit leerning theoty 

(■lfU) 1™' _ underiC ore 

A con^cr.r, for-l.tion of thi. l«n.i- 8 th.cry «1U 

« <~ of this »l« of lonming mi* "nooning, 
the MiMitta continuity of thin *"» 

world. 

to the aind. Sone dete cxariwice. • 4 Soon » 

memory benk grow.^ ^ ^'^^^^elSSne^Tetion- 
a child can uee *«*£^ r !£ l S; ootaat - he i. .olvlnft 
ahipa that are not obviou. at » ia able to po.e 

ptoblena. ^TSlrS aolvtog thea ~- he i. aakinf in- . 
Jrobleae and work toward* wl^I 3?)# 
dependent invaatigatione Wit". « 

— Elects which the atudent can aove 
Wirt, advocate, uatof concrete object, wn 

k .tick, (.tick, on which ten bean, have been glued) 
around, ouch aa bean .tick, leticae « 



^ Btae . „x« »t.tl» «* b. in th. «*« 

thu pu« ™* . hmdy (Uric, tor kteplns 

, A — m » and subsaqutntly u • amy «• 

^ji-, what tou tt don«t •»» * w ^ 

eotdlo* J" .... „ M t bttttr thro 

L« - — - ***** — mre,,?^,,l • * T T 

« „ ,«,. n..d to fc. gn.tt.tood »y oth«.) . 

r .,h.t tb» «b. «~ «*« ~ ,1V ' U 

am) .««*.* i"* 1 """ " - att ^ f 

„*tt.ctloo ». -*tl» ».« ^ lM lud«d 

had .tudiod two-digit addition •» .xaiHpUs. 

v w not or«Hously •ncoimttrod wlti-digit tf»F 
.roupin.. but th.y n.d not P*«vi q ^ ^ ^ « of 

-rooood Into thwt l,v,x * ™ 

b„- - - — - ^ _ plt .. 

puUto in .oXvio. «b. -> ^ ^ ^ „ the „«. 

m „ ur foino th.t childron «bo s couW — thx« « 

.moot «»~. .U M. _.rfot»nc« •» «** 



«d ee^tnc «ith th. b»ie «-fc«t fact. «» l»U co»»»t. 

It fa not UMrtfettfetOtttlUO to duon>tr.t. th. Id., of unit. 
„. «». oolot . «rut, of indict.. *o» «U th. «»d.nt «d.t- 

.tud. th. „tto. .£ «oU«i« -folto*. <h«d»d.«. «..) «d/or »»»,. 
of t . n (150 - faff. ««.) .nd/or th. Il.rith« tin the .«... 

of th. urn .rocdur. fa. th. h»d»d. e.l«- « ».»•« don. for th. 
,«„ «d unit, col.—" On. .«»..« th. Ut«t -o»I • 

n. int^uctim, .f id«. h».d « th. th»t, .f *- .-* ; 

.f «h. dl.cu..lon .£ d11dr»-. «i«h«tlc durin, th. I960-. «d ^ 
«,<,•.. A T.t .-cclnct .t.t«nt of th. co»»c«io. b.«v«n 

... «h..«y. l«min, th...,, «d ,U« »1« id- «n h. M i» «W 
„ d totta «u'. di.cu..ion of «4b.r ud .u-r.«ioo ff«r» «d Matt* 
»7S). Th. .ntfcw. due-. «*«r ft- . •«'•-» 

Th. »ln conpoM.t of th. conc.pt of «hol. «*«^* 
^.Eflc.tionof ..t. tkitnU on.-to-on. »rr.«pond- 
cU».tfic.tion «• M tch oM-to-on., tten 

Jro, Is of ... «»t oftw, «nd " mm. «■»— . 
oral nd writt«n (»?S, p. «')• 

Th.y .-»»«• " ti ' ltl " 4 " ir,,d " "' ,d "" e0 " 

th. .toU«lt, ..» .f . *" CMP "- 

Md «d.*in, of M«. ^ ' ,,dS,ltte,, 

„ rta „„ W U.1«1, r.c«nl»* « »** •» «*— « «— .f convoy- 
lag laforaation about mab«r. 

...titicm. of m«. «» M««t.d » •» »™» ls » " tlvlty 

*.t v»ld ho mcmmt, £« t«d*« th. hM. 10 facd-1 



. M1 i a and understandings 
a ™—r.tion an "thon« conc.pt., ^ 

tt.cM.ty for n»m» «« * i ea mln»: (1) I^o«P- 

**• lnt ° ' ,ttiWOt mt ^ .« unit, into . 

for P o»pln. — «»-» tn.t i.. ^ *» v md 

...» t.n itoop. of t«i *«» on. irons of • nun 
.to*, .roup •« * ^ „ . .„.ltl«»l (n.t.tion.1) 

*° f0rth8 (M ^ b _ „ U «u*« — • 0 - e " 1 •• 

.v— • CM twroUntlai nu*«. »y orox u . 

■than; V» ™»* ....... t ke ounbcT of groupo 

„. . .... 

»~..l/«l«on/ooJoct) to «notn«» w 
Hml the on iroupl»» <*1«". 

nine.- «, ^ 2 "*T ^ ^UOI, \ 

Th« Illicit l..rninf th.ory U 
tlon. for t..cWnt« Tne * 

" 7 *»... lorn** ^ — being tmar 

d*tiv.d f.» On«nn . _ ^ ^ 

1IH , „,,. tnnnlek. Wnn» nnd Wtoo. »»« 
Utod {..».. a" 1 " 1 ' w 1 ,„ .robltt "° rking i * cta * rd *' 

"*""* ^TL. »••—•-• 
— — „•„„,„ „„~.. 

:zr-~ ~ — 



67 



„«; «i <«) «it. —Ml. *« .... «" 1 » 4 ' t ° £ "~ 

W ***** «. a) *n«^ " **■ 

.if- . 'dtellu the nmer.l In which the * 
•lue In « wo-pleee nmerel . (••*• . cUoa » ra 

(» —ti- » io. *» th. **»>•« • — * 

23. «. 7«, «i O) i-»r,r.tin. 10 cm.. » 1 «« »d 1 ten « 

-d ** ~» — " ° n " )S " * 

.««. th. mm nu«b.r 1» W«r.l dlff«r.nt wy. 
(2) lnt.rpr.ttal. or owing the nu» 

. «™.- 5 toi, 18 once - **—• m ''- 

(..».. 2 t«c. 13 o». ,_—.»««»• 

^ on.. t o, -a «». - on.. 1. " — . 

T^ - "' ■ „. point of vi«. I- .W" 1 "- 

' ■ . *«.it.iv* transfer frcmrone w» to.ww 

inj Hiererchie. » positive traw t 

, 1 i..rM6u are included In the 
the l.«ntag »U»tc»,. for Umt l.vl U«n^« «. 

higher lml tuta W»nick. 1976). 



UmAA erf*,-. thU -* -«-r » tth - tlC lMttUCtt ° n 

ffid ^.t. ».« *. »- ~nttto»«ton of «* «- 

... v „ # . aeh «i*»rnlng to learn" itrete- 
tion f o* instruction: i. it poi.ible to te.ch lornx 

glee? t 

««W ™ 2. tot«c»". .lit"" to ot«tnt- 

S^oStSTI. »)• ■■■■■■.;>-■ 

lng ^Kt to on. .«h .«.t W «*«t lotion to thU .t»t W 

^ „. p...iou » ^» (p- »>. T- *~ — " be '„ . 

cuter l»rt< dtouae* b.tw« .tr.to»to» »r » 

^ ..^-^ticnto, »a „U-.oi».to..» «— *« *• 

^ *. . M« -» to air... to*** tte. ^ ond P .r- 

haps ttet to -te t .te -.o. «. to.or,or.r. tot. ter ST 

It **U te ..too t„.t mroupto, *». .ottev. to U *IM « 
^« l.r«« tbto t« «« to™*™*- to thf «n«xt or 

..»..ttot "-".I r.»roupto.» « «» •"««*« to 

tor.aa.ttoo. — ("so, to^.a ^ . 

,.to„ » to — - r- an "T-i- 

^«.ito. of the intermediary unit, five, end 
supers were taught as coapoeiteo ox «. 

'• "* . j-omneoe children following thi» 

...ller, veil known number.. The Japanese cm 



•*« » — fl " "* °- " V * B " JiVe 

„a w . „a .. - . «~*»c - - rf - < 

«„. .PP«»ti, i... *h— « - — « " ".— ° £ 

TOt .a * ~.* *» »" » a ^ 7 £ 

• „ ^ oth „ „eh«>«» » keep tiock of 

enlwt «.«* to o» «.».» or .o» othot * 

%h .n ,W, th. — — — * " "° bU ° " 8 ' 
counting: 

d,, w7 - 1» 10 * s - 

n — » - - - • — - r* ' 

.nd the ebecu. (but with the five-.trip 
. m mMmA to five unit-«quere») end the eo»cu» v 

1 . >„. s -a • - » *~ — — * ^ ' "1 

^ ... » ^- » — « «— ' - r ; 78 

would be «h«ra on the »ecu» •» 

,„ b«a.. -a x *- 3 .«-...«. e 

,«.«. «a hi. »1U.»«.' t.»ln.X.0). Xt i. ». 
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^ - r- • Stake. 19B0). 
pU c. value Mm-** C*.. • "codified 
u . fiQ77a 1977b) »t«di«d children s wt»»i 
Ginaburg (1977a. W» o£ lBMffl-Btog 

t «.d written nunbera. fro- i ltoH #^<« 

orocea. in writing number., end a three .tat 
m thr.e-.t.ie Proc. _ he idea- 

- - undemanding written n«*.r. H* ? 

titled the following (1977b. P- »>« . 
tinea i.u & 4 coherent wey. 

-mia fails to write nuabera in eoy 
„ stage 0: the child fail- ^ ^ 

.... __ v -« errors in writing anaix »™»" 

, - »»r «n»lt, the child 
^p U rul. iMJ.proptl.t.ly. »« 

win* »5 *«t thirty-H3«- 

. «Ut« With . ftHOT-"*- «* » 

S W 3.«» eMld ' eeUr,, * lT " tlt ^ 



#4«t »»de with wim nuabere and then re- 
petition of an nrror, firet «e<ie wxtn » * 

^ - ______ -. v be bated in part on the 

•ppearing with larger «*fce», Sheerrore-ay w «> 
' * OT * t . „ w ln part on the difference 

idee of "writing nunber. lik * S0Und - ^ * 

between f«lll« end unfaniliar amount.. . 

(1977.. PP. »5-89; 1977b. PP- »-">• 

but cot «pUln th. r.tioo.1. for do*. « - — 
^ ..in. «. to tb..n». — « ' ^ 

^ ^.tb-tioa i«.~ti«. — *~> "°° ld 

>.«.»,. For. W U.forUtb.cMld«7«7tb««you 1, 

a . 3 it would he • different nuafcer. 
2 beaide the 1 inetead of a 3. It woux 

wrltlna of nuabere with a theory of place 
Stage 3. The child connecta the writing . 



value. «*» 



U ?"Jj,iJ/*to«» (point* to tta 1). *»d *«te it 
SfttaSS-T to *. 3 (1977b « P. »). 

cuo * *xu.« y.d «i«« »i *; s rjst^tT; 

. "1 '"l 1 *™?' -It'* on th. »'» 



abacus device which her t eacner w 
arithnetic (1976b, p. 26). 

Child 3 8 "Causa there's on* t ^^^iS. li £J^ - 
I don't know why it's «ade W"^ » 3 u wte X0 and 

put 10 onea and a 3. J^ad be 103 so they 

S, but ^S^S^^forSe extra 3 that 
lust put 1 for one ten * 97 \ 
adde «m to the 10 (1977b, p. 

«w «lue conducted with tecond end third 
these interviews on piece ▼slue, co»» ^ 

f ' de " 'u. «x«i« to — «.* cud ...» — P« 

tion.1 »y.t«a «nd it» r«l«ra™ *° 

«.„ f«.th«r in • Ww .bout 

- — ° f • - u t r: r: in^r- - - — 

by knowing . lot, but not q ^ ^ er t b.t 

, A „ 13 . that "ten onea is the sane aa ot« * 

! ♦ 1 ... ♦ 1 - »; th.t r««di», both t« - 

1 . « . dlff.™»t B«*.r O03): »<! 1 «■ Wrlt " *" 

- ' „. « »d th« i. th« »» i.. • «U« *>"«• 

for * ^ , et h . v . tW . id«. 

* One auapects 

an abaence of onea. w» B ■ 



aither. 



, « .Kin between — ■"J"*** 1- ' * ^ 

The reletionship between n ^ . j #volu tion or 

a *«» aither the atandpolnt of historicei ev 
fro. straightfe^erd f to. ei^r » chepter 1 

, # .*«ilren» a development. In the next cn»p 
fro., the perspective of children • « 

i «.*»««etive f«o» which this stuoy * 
•ill al.bor.te the theoretic* perspective 

undertaken. 



is 
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GUTTER XXX 

THE01ETICAL T1AMEW01K 
AND HYPOTHESES 

Mdt. .ee«.t-ed to U.I., «r Button* *,*»» h.v. 
, ttuct .i th.l* own und.r.fndin, .£ th. principle, .n* p*=uli.rlti.. 
of th.t .,.t». »»t chilo-l..ro.r. POl«« o«t*id. .o.t.tioo.1 .*.«» 
ta « ,.t t. ooo.tn.ct the. l*tot»; th.y only gr.do.ll, c« » 

.«„* how the ~*. - - — *" h0 " Pr ° £1Clint 

„„.. W. .„ oo««n.4 -th to. proc... b, «hioh e hiid-l*.m.r. build 
^ of —no- oototioo potting lot. ..lotion to.it !»- 
at^-U, e-.t»c»d cooo^f r..*rdio. oo*.t oith their hnovUdg. of 
tfc. colturU *J.cto for «pr..«otiog the oone.pt.. 

th. gr.phlc «rh, ot. org«>l»d *>» . .,*»». Ho» do childr.0 
COMtru ct to.it WUd.. of th. Ptincipl.. und.rlylnl thot .ye*. 

priucipl.. .t.. on th. h»d. -u.erie.1 0-»X^ "t r-,.r> 
„. „ U«oth.t bond «ot.ti««l * of «». c-lt.t.1 ***>• 

•« «.<. «rudv i. th* digit* *nd numeral, of the 
Will, the pri«Ky *oeu» of thl * ,tuay »•"•"** * 

. « th . «_.,... of the v.rb.1 ot nu«b«r-«ord 

wltteo *y*t*». »» cennot ignor. th* i*pe« • 

*y.t« in thl. hnMLdge-buildiog proc... 

Pi.,., o^t ditootl, *ddr.».d tM?o«.tio. of how children con- 
front th*r theori.. .boot ~«*tioo- .^t«*. ».t h. did *i.tiogoi.h 

th«. -P.O.. g m .l«d in-th. «hiid<* r*,t..*»t.ti*n of ,o.ntiti... 
* v „. (.) th. id., of ou*.t *»d oth*r Mod. of ,«»ti«iM. Ch) th. 
„,...*nt,ti« of Id- » d « »>"»"" t " ° f 
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^.or e-m« to know, «. 

The Construction of Hu*er 

».«.. .i- - — * - * — — ° £ T 

t „_ . of ord« to «»«« tn« 

..ch »iU b« c«mtrf once «« «ly »<* «* e " 

Sir- - - . — - *- 

= V .h.o. color)".™ igcorcd mi *o« 

..u»t r..t«. i. « **• , . t ' 

«„« W nnderglrd. th. contraction of the -»it. 
dleerete ofcjeete into one. unoem 



*«.ure 2 t«Lti<m.hip. of order (dotted line.) «d hier.rchic.1 
KiUre Xclulion (.olid line.) involved in number. 

c ». ...n in th. *-,i«-o" - "count." «h« five *!««. « —» 

to nr« 3= th. child count. ..v.n Object, by .hipping - «d coont- 

ln! .« of tt » «« th» once. Only «h» th. child c. » f«X th. 

lo^l of not *l W to. «y. - of not «* 

»« th.» one. «1U h. f..l «h. » ord.r th. obJ.c«. 

h. « h~P tr.ch .£ th. on., h. h« .-— • - *™ te 



yet to count. 



four qj— ... N 
•even .- three 



- k /?.ix 
% *.//two 
7 five 

e/ one 



figure 3. the ebsenee of order in counting 



«*• 4--vo«r-ol4 counts 
. -h« ok.d to "show fiv." (Fit«« 4). TH1« eMM po» 

lilt on* . rj — «« 

..w W t. only • w- *•* «*• ftr " 
.« the fifth obi«ct beceuee to* >**• •»* » . 
*° *** * J . ...... ^ ,o for*. Count- 

lr,« in the nenner ehown in "I"' * " • 

• A.^r« » 4i the ehtW an»* eech 

ZZ - «« - — > - - ^ r ;: ; 

thr ... in "countlm" the object. In. collection. 



J0 A ^/ 0S 

oi « nflmlna and writing . 

„„«. 4. The of lndu.lon la <*-*>■. .— « 

corresponding to tne n™»« » • the child 

. . _j. t*r <"S" In fi*or« *'• M 

>ra e tine .how the «ho!e Cc.rdln.1 



logical «* toflgctla, attracti on 

«„no. to color -Ml. *• — ° f *' W . 

-k ««l*ilar ot different,' end 
.Mo. JBU *!•««• «***-*«»■ ,UCh " ' l ( 

..LtL*.- — «. • - — 1 — — - e 7 

„tati<m.Mp. ■» cr..t«d 1. th. >M »- 

" ^ „ „ t . * „ .«* 

_ _,irtc«l property of 0Bj«ct» ot "» . 

""^ ^ „ £ fl „ t , ..corf, 

fro. th« by v#*t*L «■•«•«*— ^» *• *" 

*n< a~ « — - - ***** **" 
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M.T|« In thl 4iicu.ii™ vhich folio". 

, .lit* .uch as the fct that a blue wooden block 
nK^ct. la asternal wtUty, eucn ■» 

_ c r «i» "tight. *he.e .re ex- 

i- .ade of wood, painted blue, ano o- 

*4 . o£ obiacf that ar. ob..rvabl. and that can be 
•aple. of properties of object, w 

iMP . 1 «. — - — * - — ** r; 

« . individual consider, their other proper 

«the ,e*e* «hen the iadiviouax part -„hole 

.!««> If Ae ahild cannot coordinate the par 
aubsfnca, weight* ai««). ffct-llk in a 

- k«. «f .lx blue block, and two *ed ones that are ditr 
xelati©a.hip of •» ° ote blue 

. _ __in ukv that there are 

„„. «h» hi. <« »— «*"• * tlOTrtl - ^ th. 

_ . - /viock.) into rel.tion.nip 
viU .l-ult«eou.ly put the whole (block.! 



coordlnoto th< pnrtt «no tho *ol». 

». 0«. lncXu.10. «* 1U-...U. «- la*..oci*lUtr of ~ 

•trie- -* »«.cti« . - ° f ^• iC ' 1 "* 

^ ta.U*. in *. HTd»X«ua » note 

«,„ . bio* i. • - — — ^ ° f " bl0Ck '" U 

,.o in otitic to m~ "lex. b. C-H— 1 

^uti^MP .* -*!«.»..•• o^— — r *- 

rf obJ.C *« t-v. dOol-Ux ^ Cpb*U* 
H. ^ UW. b. «.P«tth. block. !«» the « * 

tlro . M p of W inW^T 

join » . — — ' taCNUi8 ' ° £ T 

tinuous quantities)* ^ 
• „ option to pbnica - 1*— ™\ 

oW.c«. - m -M* — - U^«.Uoa 

.«h .Mid. *. ..«« .f ..cui ta**. i. *• *« 

convontlono that novo boon etootod by pobplo. Spobon on. ««!«« l- 
guogOt bnovlodgo of hiotortctl ovonto, oftd foniliotity *t&* coonesciol 



I 

, " ! 

I 

«„' „ ^uodM *mtho; "The 
-» hot -=pl« Partition . !»» ett "° 

« now of «"» * , . ,<—. (..ricultur.); 

■ .» ... ,. r t-vhole r.l»tlon.hlpl or. 
(roligion). en be thought .bout 

, ocl «i knovlodge. lb* 7»* ™" 
em.ti»ctK» of -ci" ta turn «n 

*, «.» .1 oi«.«" «** ° £ ——• 

^ tarn » OlVort. •* W d ln ^ ^ruction of 

— ^ tiitrsrchicol- »«lotlonohip involved In th. coo. 

" tt dwl ^ i. th. ^ " ' 

«"*" - * — - d * V ' 1 ' _ Aout th. prcp.rU.. of - 

,..«. « b. «.d. out Which e» b. oo«» < 

-j r«r.d which onea do not ' • 
which .dlbU «.« go- I— »d 

^ . ilk. ■ .of* •»«» though their coop- 
•t* *^b* Co oholr lo Who * ^ ^ ^ ^ 

«f*«r«nt (an orange is not ix*« » 

th-ir ahape). The. child conatruct. the at- 

think, about the qu.Utie.-of Phyi^ « 
elusion «• he thinks » ' ^.i .tructure involved in 

v..- in the hierarchical atrucw» 

- -;:rr- l ■- - - - ~ «- - 

nuaber, he ignores a** 

each claaa. „hvsical, and logico- 

r t.««oi»dtte into social . pnywic**. 

- — — e£ "II ««~»« Jt. — * 

childr.n'. kno»l.d 8 .-bulldln, «h T ^ p{ 

ond th. nmb.r-M" 1 «« le 
„r4o "one. two, three •» ^eo. 

..cUl to-*"* * ^ ^..Ut, i. due «o 

the fact that logico-wthewticai 
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^ iHtTlTtl *«lationahipa oh jecta . The ^ 

Individual who haa created noeerxca* 

r^u - «* — — - •*« * rr- 

In in .rithnetlc workbook. 

^ — ij ••Plant." for example,. we 
fPiaeet 1946; 1971). When v. hear the word PUft. 

the worae ^ £4.4 M \ .re examples of 

. » - *-« * - tot -r; f ~ EL 

™i ti-ein addition to a togical (daaai- 
„. W d a fra^ork of apace «nd ti-e _ 

_ >w h* was not a acholar Vho lived in 
ficatory) fraawork. to knov that he «• *> 1 

. . «*<ii«val Chinnae nonarcn. 
. u».l,»»c. IttlT. *»i th.t .he »» not . «".v.l °> 



. , M 9mmmitD xyM mtm constructed by 
lotn * n logical fcXctioa- 

.blp *T wfl«ctl« (»d w*iric«M »« ^ „,wiri 

e.«4.. l-a-»»«,- - _ auction. 

wa r-porl rouu-bip. * — ( " d ■ J ^ 

Otqccu •** . . During the 

int«lti«ly « « m t 

. ' ....Mtion to «b. notM. W« «>»tlng » 
!».. tof f-» • .uvtor. th. .«ir«y. tb« 

; * boiXd^ «- r.Utf«.biP Itb th. .«..« ^ 



„UtlT. «S« of .o« ftaUMt V 

walk. Ifeo *• *»• 01fl * r 7 mk« uHlTbc older when 
ghT«IrM>i»! to echoel? Dg^t oW g 
L>th.r oldefthcn you? ^Z^\2Hg«? I 
th.n your loth.r? flf]* 

think lo» Wt ,h L :?Er ever* yeer? 6he*ta2£. 
Dc*7your Granny grow older every 7« ( ^-j-ggrt. 

jloe. Awl your -other? *g jZfuZtU 
SuTMdyou? J^ljg^.-»a^b« 
■lcter? Tee! < cat ! I0 J~Tr to„w. I» there »wey ^ - 

firot, Iricc or you? ^-f g ^ g ." Eric, or you? 

. „ -«;*«n thet wcl known through ob- 
,or this child, tl~ w« n tatuitive notion th.t 

! ° r * ... Bixe . Ut «, after erecting . ey.te» or 

cm b« im4er»wod roughly m w» • v - _.. 



rf .»c».«7 «»•"• *» • 8a "" „„ lbl . to do 

mi r «d groups) «ad th« ttf*w 
into p.rt. Cblu. I 00 • 7 t i,«rform 

_^ , Uhen the cb±ld btcostt able to P«*» 
unit. th. P«t. into . *pl.. «« * _ 

Mt al .ction. |Mft3f «nd con*i.t.ntly in • ^ 
SUth ~ tal ;* _ « r e truck. th.n fimruck,. ~. doll. 

,«ch a. deducing th.t th.r« «. «* ^ 

_ he i- „id to hav. ftoup.d th.t« action 
*• baby doll.. ? tc he • . 

mtn." I* .pacific «••» ™« B 
« a coharant. r.vr.ibl. performing 

* r«vereibl* .ction.. b. *» Mid to p 

» - kin. block, than block.. . 

-umrm arc »or. oxu. daw*.*"- 

„ • e r concm nlnim *i r .\ 

■atical r.aaoning ouch a. • * a 

- ,uk #r a are sore B tn*n 
j! -v<-rr« In th. row) at tft. 
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stilly -orowof c*J..t. «• pUc.d in front .f *. child In .p.ti1 
„ 4 «»«iert --to-.™ eom.p-u1.nc.. »» ««« b.t».» the ob- 
j.cc. in oo. of th. t». «o« «« «h»..d th.tth.wt» tr.u.f.r«d 
tet , . <«h« . .h««r) Ib. child 1. »k.d *h.th.r .ith.r " 

th. -touch.* « tt«.f.»d «~ b» « lM ' « *• — ^ t0 

M t.« »cmc<m..r~r. fell t. eon«rv. ounb.r (th.t 1.. toil to -tat*, 
th. id., of nu-rid ..unlit, «»» «• of th. two rev. i. «p.tl.Uy 
tr—for-d) In p«« b.«u.. th., b». th.lr 3od«n»t «. .p.ti.1 fro* 
tUr.. Th.y fll «. — — b.c»». th.ir th™** i. no, rrtvtoU 
Soro^n, th. o M .ct. .P«« .nd puttin, «h« b«h into «-»-«. «r- 

until action, which cmno't t*. Pl»e* in- 

r«>pond«ncc «r« W oppo.lt.. m.t*ri«A 

\t»tiuw.«.iy in ti». Hh^th. child', thought h» b.co« r««.ibl.. 

ht ^ *U to crdin... th-. id- in hi. h«d ind deduce «h.t th. 

nunfcer riaaiw the 

Infr .lo,lc.l option. r.£.r t. .,.tinl «* t-porl op.r.rio». 
. ttch M a,... in^lvd in ~u.ur.~nt (th. ou»«ific.tion of continuou. 
di-n.i«.>. A continuou. di«n.ion .uch » !«*». — ^. 
,„ w tihU to «u-xi«l ,u»tif iction »h.n .c unit « ***** » 
*«». «d .h.0 th.c unit i. «P..t.dl, . W U.d to «h. mti- 
Ih. *oU i. p«titiou.d int. unit.. «nd »ch It 1. .dd.d to th. on.. 
ar.rfT eo«n«.d. To —nr.'. Pi«» of P»P«. th. child «»t u.. • 
rah.r to cut th. Itttfh or -idth int. ind-., but *. 1» put. th. 
i,ch.. b.ch ««.«»« m» . — » «b.t indud.. on. inch in two. two 
^ i. *„.. »d .. forth. Th. — ««« of ti- i. Uh«i.. - 
inf«lo«ic.l «p.«.tion..«o.pt ttot_a» h« to *. r.pr««t.d "in th. 
individu*'. tod. in ...nurin. . i»t«»l .f ««. th. chUd h.. to 



mttMj indud. <». -nut. to t»o. on. «Uy U. wo. on. y.« m «o, «c. 
, L ,„ to fh» « mm^U, ln»l«. — *• em - 

•traction of coherent ayateaa. 

to «b. to» -l.^c«rtd.«ticU» «d ■•loHco-rit*b»rtc» tooly 
(«.,.«. 197D. »u*.r «ro» out of .P.»tl». ». didttoct 

„ a utfamt fro. lnfr.lo,lc.l op.r.tlo». A. Toot. .« lo.i«l and 
op.t.«to».. h»«.r. «. «1U «di«.»»«l.«.d In young 
AUdr... thl. to nh, «hlldt» ..t «h. .»,« .£ .r^hic ..ruction. ». 
.,.ttol ...fi.ut.tibn. ud aok. h.«o» C-fi £ & B> *" *° 

th. thing. (..c*trlc.l .h^o of diff.».t »lo..> 
tt« «. lib." <W.ld.r «d ttog.t. »59). Ihi. i"" 1 ' 1 * 4if - 

to thi cont«t .f .tudying Uh, childr.. — — — «-f- — »— 
eoJr*.. continuou, ,«»«i«i.. (InhUdr. BUnch... *• StnclUr mi 
■ «Wt, X975). Kodlfiction. of th. .....melon of — «»*>«* 

.... .n.bl.d Inh.ld.r «d h.r c.XU.r». » tof.« **"»» 

..rround ob 3 .ct. -th . "«.tUl «~lopo* " i,h 
judg-nt. .bout nu-rcity. Th. gr-duU dlf f .r.nti..l«. b.««« di.- 
„.„ to<B ».,> „d continuou. Up.«) «« *•* " 0 " 

.f lotfcU «d infr.lo.lc.1 option* «. dto«i~« but undtH.r.nti.t.d 

, , h , A- acchaniMH enuring tbc two con- 

■t tb» pr.owr.tory toml. .nd th.t »n. ■.cimu*. 

n r..tlon. b.co» l»*>r,bic .t th. opmtory 1ml. 

On. could «««. th.« .,.«iU«P.r^ con.id.r.tiou. in«.rf.r. with 
th.dml.P-nt of logicc-tith-tic .prntion.. But.th., -V 
.hUdr.. to =r,.nl« **. ta~Ud* by providing occ»i«. far *» » 
*toh IclcOly «d nu-tic^y. «>«- « <* 1M »» " •* t0n '" 
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^..bl,. » "*...*» *•« 1-* • <"* th °" *° '"° •" 

J' . -1 M .n tv of the child, niaber develops in- 
aiain. 1 * In the psychological reality 01 toe ««. . 

-v «*th ■natio-teaporal relationship* •» 

dieeociabl^ end in interaction with •patw-iw ^ 

a. with a taowledte of object, and people.. 

The lepreeentatioa of Hu*er 

.rl-ril, to t-o-dl^ional .r.pMc for-, they h.v. b..n dlf£.r»«i- 
.t.d * mg« «* l«o two .T*CU »d .i— 1— , 

rt . dU «l.c.K» — 10 — 

>w .. «. ** e0BtrM • bMI mtu " 

Urlt, to th. ^^^--j-.- « - ' W W 

it* ^«^t^;4^# ^- ™ ^ etlw ' lgBi£le "- 

^^^V;^. «c.) 

: * .£U*^ iAjM-'-f* ptOTld " " ,other : 

■J&g* *L**M *«^» *-•>•» • * ltch * to *• r"*** 

'umut-^*^^ * n " t6 " r ** t '' "* 



v ih. .111 -nn*« t. dr« boo.- ""hoot brin» t.»8ht 
!»„,.. for vumfU. ih» «1U new* 

h ow J „bo «b- m «ntr»t; b.«b tb. .!-»«. of eonvnntionnl not., , 

... k.~.lf ttUiet «nd Inh.ldtr, 1966). 
„ pr od U « .o-thin. »lv.n out.ld. taer«lf 

^..oo^on., ~ f-cuon I. «b. - W * 

to -wu for.. Tb. »r tol . - «~ «™"*»" d - 

T 11 .f *« - - s ~ eU " nts 

and the «e«iiiat ot 016 % . 

. of tiff* •W?" *" - « _ e eieoent* 

fc ..... Ae ld . M 0 £ one, two, three. I* 

inn and the Chin«.e •7«t««. " " noUA 4 

^ .«.4 e Wr1» of the respective eyeteM. 

14 ^ted to the fi«t three graphic toerk. tn 
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-^7^ m *«-*»m — «~ — — * - — . 

- — * to * ct 7 1M 0£ 
. L f8I U — — — <— 1 001 rr 

properties to team. 

' BMtre „ d wo (»»> «— - ' ° £ Chl " ttn 

wor»^» r • _ k d the 0 £ir«t child to 

— - ~ — —* ° f ^ * * th . t (the 

I. ^ , *u « — *~ - - - t ^; M 

"""f ' . or »ith t.ll, to indict, the c=rr.ct 

^. . „ .1.1* ») didn't 6 " ur t0 ^ 

1 thtsutfi ». »i^ l » " 

«nttt . wrptUtolly Ut. 



■* pg«t«nt. tion of Misaericl Ouantitlee With Signs 

Dlg lt. and nuaarel.. ae wall - alphabetic lettere and word.. can 

bo thought of a. .ddaUy eonatituted objecte of the external world 

(Porroirp, 1979). They art objecte which con bo thought about* and 
children do bava idea, about the. wall before th.y enter achool 
(F.rralro and Tebcrobaky. 1979). 

in tha achool environa-nt nuaeral. ar. di.cu..ed ateoet delusively 
« tool, for nunerlci quantification. lut childr.n». own id.- about 
the «• ning. of tha.. graphic nark, are of ten far reeved from the con- 
vention* aaaW lh... p.r.onally constructed ld.es ar. not aberrant 

*in and of thenaelvee: th.y become atrauge or arroneou. only in contrwt 
with convention^ waning.. An anecdote will eerve to «ke the point . 
M«k (3:6) know, die Utter, of the .iph.b«t and count, with proficiency 
up to tw.lv. or thirty. He wa. aittlng at th. kitchen table, and In 
front of hi. wa. . Jar of appUaauc. who.. l*.l conaiated of a picture 
of two apple, with the word A P P L E S A U C E written below. Hark 
knew the content, of the Jer. V 

Interviewers "I. •appleaauce' written eemewhere?" « 

Marks "Tea." tt 

Is "Where doea it aay >ppl«? . 

Ms Pointed to the two pictured apple.. 

M ! 3S/Sr£ fil- APPUSA.CE. Then he ■ 
Spontaneously b.gan counting th. lettere, "One. 
two.. .ten." 

Is "Ten what?" n 

Ms (Surprieed) "Tin nuabere. 

I: v "How .o? Show ae again. „ 
Ms Counted the letter, again and .aid, twu 
' Is ^ee.^Ou counted that vary well. Ten what? 
Ms (Exasperated) "H D(M B E E S. . . . 



for Hark th* cl*« vpar .ut. Ih* aabigui- 

of th« thing. h* h" counfd, and nu*h«r ia not aop 

ir-» - - * — - - - - ie t Tr;L 

ut „„. ^ • - - th " 01 *• — . 

— . wmen thtn and his own notion*. 

^ on «h«. * « * « . birthday — "U. 

.. -Moor < H iftht .quilglM tfew the «•"■ 
- th. IS - • *« o0Or ' ■• 

ef ... «— -* ^ „ tt .. t0 .HUonth. 

— - - * ' ~ ^7. *,o.. on -A ^ 

.r. found, bnt th.« to. *n» of lim»l«. . ^ 

«h infusion; at i2!Sfi2-- lMtructlon> „ «*.«..> ->* 

log .h.t th. *J.« i- •"• ** 01 « W * • hw f „ t they 

the m „ .. hiihmy — » h0 " ' 

«. .How.* to drlw. In th. «" ^ oM .« '.h »hlch 

in adult functioning all th* tw*» 
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_. -« " M.. m _ it. Library of Congress 
jat*. or «lth th.t loot utiag of w^*™ 

teltutKA. .«n thouth .11 of th» «. «ri«t« «"» *• — ° f 

Utxn , u ***** - »»»«• " •** • oeUUy dt " 

^.o eo».t.lUti». of dl«it. b«™ «* o£ — 

' principle, thr« .roup, of onflic. i. the .«hool-«.a 

.Ml*'. thioki.. .bout «ttt»Wr. Ih. fir.. «ro«p cooc.ro. c^h.. 

^ J tmderlYlna m^er »d the principles 

on conflict, between the principle, underlying uuhl_ 

. p^rui.. SJiis oaSsr, »< th. thirofocu... on .iff.r»c bC— 

ia « uoo.rino, „i«^«ic opVr.ti.0. «• «cn«*~ for «i,t.n «~ 



putfttions. 



csstiicta, usBsa Sates a *"" s ^ tM g 

t ^. .r,... .hot bo* th. -Phytic »d «h...»or.t^ *.«-. 
„. * S .~ of hnowH.... X. tbi. p«^c«iv., U i. th. «* of th. 
*U* to fi.»r. out not oul, th. priocipl.. Uhicb —rli. «ch of th. 

«... f. th.ir iot-rnU c«.i.«.uci.. - ><" 
„ M . lmlJ .riri« »• dlffr— h.»«» th. »" *« 

T „po.d«c» (- — *-> ...««. »* ,rl.t.o » th. 

„. «. - .P.h» - ^ « - — 

_ * \ to s record spoken language, west 
are .unn.ri.ed in figure 5 (p.87 ). To recora v» 

ln .o-E«o,„o Un^ u« - *- 
Un.u.,.. *. tr.„.l.tlon of .pofc.n into «it«« »»» » ** 

, .„ lllBBl . cprro.pondence, Ihi. principle, th.t 
phone«e.gr.pheine or .ound-.quiggle corre.? ^ 

iw «,t 'ill) of the .ound. of the .poken 
the gr.phic «rk. reproduce .one (but not «U) 

word, i. .lien to written nunber. 




Spoken (VeAsl) SEftem 




mmmvmtitm System 



(3) alphabetic Writing. ggtSS 




SqulgglM © through »5 
Principles underlying wltten 
nuaber (for problem solving 
^ and computation). 



a. Squigglss A through 2; 

b. Principles underlying irritten 
English (for reading and 
writing). 



jg sz: ^ ^ 

(5) Correspondences (and exceptions/ 

^ u, -a ««n« notatlonal and spoken (English) systems. 
Figure 5. Relations uithin and among notation- 

u 
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Mast ehildr.n «« dr..dfully confuMd ibout how to writ. • number 
•uch «. 14 or 16. With too «U.r«bl« W «y*.», th. .ound/.quigsl. 
eorrtoo^o i. «»plitl7 to^rfds aixtoon U vrltt« 1-6 from 
Uft-to-right, «nd not 6-1. o~ though th. .1* fe JSSSEi For 
diild Ho 1. also lorning th. •lphab.tic .ound/.quiggle corr«.pondence* 
to ordor to rood. th. notation for th. «t..n* counting word. ha. to b. 
wyterioua. another inatanc. of th. d«h b.tw.en th. .pokan and written 
.y.tea. an bt iHD when children writ. . nuaber .uch on. hundred .nd 

twuty *1 0 0 2 0" - firet on. hundr.d. ind then twenty. « if on. w.re 

, \ • * ■ 

"spelling" nunber.. 

^.U.h «... . d.ci-1 .r«» fo« writing »u*.r. hut . non-..ci»l 
„.«. £.r counting «or4. und.r t-nty. Thirt..n diff.r«t "td. «. 
„p l0T .d tor th. .«*»«« ..rc-ftrough-w.lv.. -Th. n«t ..W W 
„rd. u» .ith.r th. ordinU .r ordin.l »«*« » tor 3 through 9 
.ith th. r~t W t. th». * mm -ord i. introduc.d for 20. 

„d onl, ft. th. «rb.l .T.«» h.c« -or. .y.t«.«ic. Th. .« 
ordi«l or crdin.1 for. f« » through 19. hut with ft. root 
,t«ch.d to «h.». i. -«t«- *or ft. d.o.oU nuft.». *«oty-on. through 
29. 31 through 39. «... co»oin« th..« word. «* th. 'MMtW '« 
X turou* 9. «rd. «. l»«roduc.d for 100. 1.000. ~a Urg.r 

umbers. 

Fro. ft. .t.ndnoint of ft. corr..pond..ce h.«.«- th. ™* « 
,«ra. .r. vritt.„, «d ft. n«*.r «... h, -hioh ft.y «. r-d. ft. 
J W «».. ^.t« for- » lnt.r..«in, c««r»t to ft. ta glc-d«ric» 

Th. J^n... «. th. Chin... n«« of hb.«l« «. 

l2 ... » .r. «rltt» 10-1. 10-2, .to. H «ngllft th«. «. 



3d 



th.« «»a -* 7 



«•»«!■ «• ~«4 "}»-toW, i«-oi ... J^»" 



* 1» the 



... 9,. So to^ 



Mid for°10 «od "iebi. «i . • • W" «• *• V" 0 ' 

"WW to .««»*. - » torth. 4 ffA -PM<*lti- 

i*. .. 10) «. -wj* <— w>. W. <*W« •* ^ *"? " " 

w <■*-«»>. thr " jr" •"• *• ?oire,,60d ' 

„c «ta»>- *» 1. ttaUr. -d. d.«r to to. 

jtpami iritu torn it to to totlUh. > _ 

ChUdr« «. introduc.d to both th.-o-r.tton •,.«« - *• 
h.a. «i«to. W «- « toout to. — POtot (roo*l, .»« *, 

.U). «d ofto. .0^ « «" * h * etlC> - M ^ *"~ 

tM- »t»U, con.Ut.nt th» th.y .«. Ih. «od«ey «< *• . 

vCbiid .ho i. to to.ro to. roto. of «atur1 .,,«- to to pro.™ 

^ th. principle. -torlTto. »ch of to.- .,.«« - wr*X/ 

n «r.«i«. « rt .l/.lph^.tic. .no n»«r.tton/.Iphto.tio - «. «f « 
coherent than "they nre. 

«.~.»» aaas ad «ritt.n artg 

Th. «o»d .roup of cc^Uct. *ioh to. child » — 
„» U,. principU. »d.rlyto, outo**. to. prtocipto. «nd«l,to g to. 
„«.«i.oa «.t„ for r.cordtos du*«. i h-owtod.. of th. .o«r..ioo 

i. ,ui« .. P .r.« fro. . to-tod,. of A child of fiv. or 

^ h» J»t «c«tl, c..r«d h» «nUl, oo- to to. to- 

,„„, „1to.«i.. to.t to. of . colUottoo or «*- 

iocto (it. .u-ro.it,. i«. «r««X *• -fT* ~ ; 

f«.o«.dh, Uto« to. ^.ttoi «r».«»' » *« 
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«... th. —tot *• rt »rply cl«h 

C. digit.. 4 „ t „e m»tltU. they «" e 

figure 6)° 

Order 

215 and 251 



1 2 5 „ 

-one" " £lve 



5 

"five" 



12 

"twelve" 



! 25 
"one" "twenty-five 



521 and 512 
152 and 125 



"eoe^bundred twenty 
figures. »e ^ ^^^ f ^STirStS 1 

, , . r , nrlT tonaerved number, and thu. realized < 

- - child - ... dee> _ being 

^ told th.t the order «d ,p.cing of the writt« 

, . iktter «.t be . bit bewildering. 
*o.e object, doe. -tter. . ^ n6tm ^ proles) 

- — — ^.1; (ft lricl Principle). Our 
.Hould b. di.tingui.bfd. fro. the idea of ba.e 



«.t- f— *• « but t».y «. in .pit. 

th.ir corropo^c. »iU our po.ltionU .,.«« »- 

to .dult. vho.t. «.„.«-.* «. «. « i. »« «*— - ChU " 
a„ «« .fnd.rd _ cultur... lb. Chin.... f« -M* - • 
iu . « *1* do., not d.p.nd on po.iti.oU not.tion. Ihi. -V- 

t» i. illu»tr»t«d in Figur. 7. 

' , a. 5, i'^ t A ^ + 

* « a 7 8 9 10 
^ 2 3 * 5 6 



* 1 T t t T + 

20 21 22 » « 



11 12 



3* © 

40 »• 10° 



*^ not.ti.Ml id«» of po»iti»n 

m.t th.t -u- i. « «o *« ~~ 

^ « out. *. ^ * *" *" f " 

10, in out not.tion.1 W .t». «h. 1 -PP-. ~» 

t „. S.co»*. in Chin.- .,.«« - — • «« " » ** 

„ Itt . n .. *.t *. io " * T <tra " d °" >! 

w . t „ th. ««d.l nu*.r. (»ltipU. of IB) .. *« -■». 
•Wtt.Ue.tiv." for decdU n-b.r. up .. 90 ««.»«. «n - ti«., 

!,„.,. «. t-o ««. - ». r" - ""• 
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, 4 _ «. r Dn . hundt.d, wher««s the 

Si* China* •»"«■ introduce. * n*» »i*n tot one bud 

^.itW >T'f> introduce. . thi« ~lr» (tamdted. P Uc.) . 

r„.nn ■. «■ asgta OM " tiw " taaa^ffifigga^ 

tot only, «o th. principle. • meetly. »" 
eueh. but the principle «.*.rl*». the ***««. 1— - 
co ^ u „ticn. c.n a-h « «U. Hultipii»«i» provide. - «* • ~ 

of thl. ele.h <*.. «r« »• X» the fit., tf 3 > « C*. 

thte. PUc. of «* on *.ch - «« »• -«*U— 

«on of "P-.ted edditieu, i.. -«». *~ " Blt ' 

four ti-e. Ih. notation v«. . .nltiplUr. «. vhich r. P r«.nt. th. 
^t of th" th. ection of option («) h* » he repeeted- The 

t-ul. I- ».lv. *.er.t. unit.. Th. difference hec«.. ndditlon 
(3 ♦ J* 3 ♦ » - U end -ultipliceticu (3 « *) - » t. thet -Upline* 
U0D U« operetiou » . operetiou. « . ..cond order oper.tion: the 
w ft., th. -ultiplier. r.pr M e«. » operetioo of «-) - 

„ oper.tion (eddition of «), Th. renult (12 piece, of -*> U the 

same In both ca»*». 

,ut Ee.l.y QHU Point, out th.t ,»l,iplic.tio» i. -or. -ondrou. 

. thi. *n*l,.i. *««..«. *or th. operetion of -«Xt„ipU..ti* 
^ » t. creel. «, entitle.. » .... or v.1.-. out of oth.t 
„titi... .uch » lin. «.-»« Hultipliction. i. o«h.r -ord.. «n 
eppeer to he .onethin. -« *» «,..«.« -diU». I» ~c«,d «- 
.pie <n«.t. » . • "»ri»nt*l lin. ..«-« •* 3 «— U Pi- •* 
3- ion.) ii—d -ti-XlT down U hUchh-*) • * 
rhu. creetin. . nev entit, «ulch » ~ ^ ~ 

9.9 
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the actions (operations) in both of the following examples; 



3 x 4 - 12 or 3 

x4 
12 




twelve candies in, all 



aw* 

mm 

mm 



twelve square inches in all 



Figure 8. Multiplication as si.ply repeated | *f"J"£^. 1> '' ^ 
implication as creating new entities (Example 



rnui 
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» W." Out of an op.r.tion on two line segment, of ? inches end 4 
inches, a new entity i. generated, end that i. «n area which 1. 12 .quare 
inches. The computation^, form and the written repre.ent.tion in this case 
nr. the .-me es In the example of the candy, nonetheless, A child who has 
baen taught to think of multiplication as repeated operations of addition 
night be Justly perplexed about how to conceive of the chalk smear as 

"repeated add it ions. M 

The foregoing analyses suggest that the construction of number con- 
cept, (necessary equality of two or more collections containing the same 
quantity of object.) and numerical part-whole relations (grouping of ob- 
jects into sub-sets does not change the numero.ity of the whole) rest in 
relationships that each person constructs." Kumerical quantities can be 
represented symbolically (drawings or personally motivated means that 
«anate prl»«ily from individual cognition), or they can be represented 
in conventional notation (digit, and other notation.! devices that have 
. shared «e«lng). Conventional representational systems, acquired from 
the culture, enable «s to record, store, and retrieve idea, in . common 
.nd accessible form. But the systems themselves have properties, and 
their objects (marks) are socially used to serve a wide range of functions 
Notational .y.tans thus allow for possibilities, .nd Impose constraints', 
that are different from those encountered in syoboiisation. 

The acquisition of the conventional system Includes learning the 
digit, (how to write them, and how they correspond to number-names). But 
.ore importantly it Involve, a reconstruction of the numerlc.1 and nota- 
• tion.1 principle. that organise the digit, into our numer.tion .y.tem. 
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Macg value is « most important property of the written system. As its name 
suggests, it is composed of two Ideas. The first is the n£tational principle 
that written position designates numerical value. The second idea is the 
numerical principle that a power of ten is associated with each written 
position. 

If a child's knowledge of number develops along with other espects Si 
his knowledge, so does his understanding of the objects for representing 
number. The general relationships that have been discussed thus far are 
diagrammed in Figure 9. 



Number 

(Individually constructed 
relationships) 



/ \ 

^bglic Presentation Conventional Represent ion 

/ " \ 

VsrbslSjstffi f ,r. P hlc System 

/ \ / v 

nssr «ssu -ear* .jssu 

Mgure 9. G.ner.1 reUtions between number end.nunerieel representation 

I .«.,ec«ed the. the «S«W to Flgur'. 9 — M »' constructed 

Vy children over tine. end thet euccewlv. understending. In the process of 
conetruetiou .ouM f. development.! imOm. In order to enplor. «* «* 
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tta.. Nation., . s.t .f hypoth.... were d«U- tb.« .erved « . frame - 
rtf arance f« the «Piri«l wrk. In the MM *• *»« hese8 

•re specified and explained. 



1 ' Hypotheses 



The hypotheses .e« forth below should b. « heuristic 

prmi .« that ..t the direction for the «iri«l worh. The, ahould be 
,ee» as giving direction to .««.! ha.ri.tic lines of .«-,. rather than 
.. hypotheses that can be confirmed (the null hypothecs rejected). They , 
^ a methodological a. well a. aubstantive MPbct. and they very in the 
„te»t to which the, reflect new. a. oppoaed to previously inv.stig.ted 
problem .re... The hypotheses are thus of different kinds. 

The hypothec, are ordered in saverU Interrelated -ys= from prmises 
• that are «« aenerel to thoae dealing more apecifi-lly with the r,esearch 
^..la* atudied here; from pr-i.es S nat -re b««d on widely replicated 
findings «. «h.M that rest on relatively little -pirlc.l worh; from pre- 
.iaes that lend thm..elves pri^riiy to qualitative r W l« to those that 
do not, and from statement, that are the la»t to the most susceptibl, of 
t .rmal trea-ent. The first group of. thrSe hypotheses that posit develop- 
mt in three conceptually distinct drains ha,, a differs status than 
the group of ensuing three hypotheses (number. 4. 5 and « that suggest more 
.pecif ic relation**.. b«tw«n develop.e.t.1 lines mm the, dcmelns. or the 
U. t hyp.th«i. thst d«la apecif idly with the strength of a ststistical 
relationship -»g »o b.tw.en-dcm.1. pairs. The r«der -ill »«e that all 
., the hyp.cha.es .« subjected to the .-. hinds of f ormal _anUy.is Pro- 
cure, in Chapter 6. The traded b.*w«n ..theological consistency and 

, 403 ' 
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theoretical consistency, the Utter of which would ceution sgsinst uniform 
tre.tn.ent. will becom* eppernt. The result, of the form.1 analysis, de- 
tail^ in Chapter 6. be«r. most convincingly on the seventh hypothesis. 
Conversely, the remits of the qu.lit.tive analysis, presented in Chapter 5. 
deel. .ore directly with the first three hypotheses, less directly with the 
second group of three hypotheses, and not .t .11 with the seventh. The re- 
W lts of the qualit.tive analysis that form the subject met ter of Chapter V 
.form the he.rt of the explor.tory and descriptive result, of this study, snd 
not the qu.ntit.tive results ss s whole. 

- S«. .f the t^e., ^ th. t»ta »«>ci.t.d with th« (•« Chap- 
ter «0, were Uta.dir.etly frcw «U >»own .nd wid.ly repllc.ted 
work. The fi»t hyp.the.1. riding eonceptu.1 development. .nd th. cen- 
.ervtion of el-eeury e»her th.t 1. ...ocieted with It. ere the priory 
reterent. her. <Pl«.t. W»V Other hypothe.ee were d.riv.d fr- the work 
.f Pi.g.f. Genevett e.U.h«.«r. who «t.»d«d v.ri«. ..p«ct. »| hla wany. 
.tudlee. or who opened new ground In genetic. eplet«.logi«l «-l». 
' crp«.t.d int. the., hypothe.es .re the ree.lt. of .tudle* b«riog » de- 
. velopment in th. ot rymbollelng numeric.! entitle. (Ss.tr. .nd. 
Moreno. 1976). in the «ten.lon of number concept. (Greco end Mori. 1962). 
„d in the .«ning of convention^ not.Jion.1 .y.t-s .»d gr.,hlc «rks 
(P.rr.lr. .nd T«b«ov.ky, 1979i Slegrist. A. SincUlr «d H. Slnel.lr. re-. 
.«rch in progre..). Still other. «r« .»gg«ted by pilot vork.done by 
„. llf ^ cml * out in the spirit of Geneva re«.reh, let others were 
uggesteVby .ourees out.lde the Genevm .cbool. 

The hypothecs .re ll.ted .nd e»pl.lo.d below. To .«ke tha nor. 
nen.ble to fem.1 «u.ntlt.tiv. nnslysls. they .re refoinuUted .s direct 
question., with reference to specific reeks, in Chapter IV. 
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Hypothesis 1. There are levels \k cognitive structuring of number end 
numerical part-whdle relations. 4 

Mumber is understood to be s general universal cognitive structure 
that is elaborated over' time by means of coordinating ordering and inclusion 
relationships. While number in its full bloim sense is atemporal and espa- 
tial, its elaboration by Individual children requires experience with, and . 
thought about, objects and relationships in space and in time. The process 
of construction is gradual. 

Young children must construct linkages between the many specific oc- 
casions on which they make correspondences, and impose order, on objects 
and events. Some of these linkages will result in number. Children as 
young as 18-24 months have "been observed to engage in systematic behavior ,, 
wi%pbjects which suggests one-to-one correspondence and serial ordering 
at the sensorimotor, level (Moreno et el., 1976). This early behavior in- 
dicates that at the level of sensorimotor intelligence, children are 'en- 
gaging in actions that prefigure what will later be reconstructed at the 
level of thought. In the Piagetian view, one-to-one correspondence had to 
be synthesized with serial ordering, without regard to the qualitative 
properties of objects, in order for number in its real meaning to\e under- 
stood* 

Slightly older children have to construct the notion of "a unit" from 
many specific instances of "the unit" in order to understand the idea that 
form, the basis for enumeration (Stef f e j* .1. . - 1981) . Children spon- 
taneously epply the counting word "two" to identicel things (common objects 
thet occur in pelrs. such es shoes), to symmetricel body ports (e.g.. feet 
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or eyes). »d to" repeated action, (e.g.. climbing stairs) before they apply 
these word, to diesimilar object! and actions, or to similar events that 
.r. .eparated in time (e.g.. two trips to the playground). Hence it is 
plwsible that early on. children understand the counting words as lexical 
Items that apply to similar objects or actions rather than as words that - 
name quantities. Prom this point of view, a major conceptual hurdle is 
overcome when the child «n differentiate between "one. two" as words which 
tMme similarity or identify, and as words that name mounts. - 

Studies of children's counting have ahown that very young children can 
accurately count collections containing two or three items, and slightly 
older children can count acts made up of larger mount. (Gelman and Gallistel, 
1978). But the child'. precise and ordered application of a aet of tags 
(words) may or may not imply that he ha. numerically quantified the collec- 
tion. In addition to differentiating among many quantitative dimensions to 
ahstract numerical qumtity a. referring to the cardinal value of • collec-, 
tion (e.g.. length of a row of object. ver.u.,the number of elements it con- 
tains), the child l*s to understand the idea of a unit (Stef fe et .1., 1981). 
At what point in the sequence of counting or of structuring numerical quanti- 
ties is the child able to "lift" the unit from its myriad particular in- 
stances and understand it as "a unit". (t8e basis for enumeration) rather, 
than "the unit" (limited to apecific collections of objects)? 

It 1. likely that children grasp numerical quantities of two or three 
before understanding quantities of five „r six.. and that larger. amounts 
(ten or twelve) take even longer to structure. Our numeration system uses, 
the base ten. and from the per.pective of the young child, this quantity is 
. huge amount. It i. not reasonable to expect children to grasp the numerical 
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principle of "one ten equals ten ones" (1 x 10 - 10 x 1) that is linked 
With piece value understanding before they ere able to gresp the idea of 
ten es a*hole made up of ten units (1 + 1 + 1 + 1 + 1 +1* 1 +.1 ♦ 1 ♦ 1 • 

10 >r 

It is hypothesized that numerical pert-whole reletions are structured 
along vith the understanding of whole amounts. Numerical bunching or chunk- 
ing (the division of a whole into subgroups of differing amounts, such as 

•„ -it 

grouping six objects Into sub-collections of Jtwo and four elements each) is 
an instance of numerical 'par t^whole reletions (Peyne and Rathmell, 1975). 
The quantity six, for example, can be broken down Into two and four, and 
five and one, as well as three and three. The structuring of these parts 
., into the numerical whole is hypothesized to take piece elong with the structur- 
ing of the cardinal number six. The s combinetions of .numerical parts which to- 
gether make up ten are many (one and nine, two and eight, etc., es^well as 
two groups of five, five groups of two end so forth). Thus it should not 
be surprising that they take a longer time to learn. 

Hypothesis 2, There are levels^ in children's ebility to represent . 
numerical quantities symbolically. 

Children Impose or work out Idees Qn objects before they can represent • 
those ideas in a drawing. Therefore children's ebility to structure objects 
into numericel groups at the level of action (grouping objects in reelity) 
. is expected to be in advance of their ebility to represent those groupings , 
in symbolic form (Sastre and Moreno. 1976; Allardice, 1977). It is hypothe- 
sized that there are discernible development.! levels in children's symbolic 
production. (Sastr. and Mor.no. 1976). «a th»t the,. level, loosely parallel. 
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and lag behind, levels of cognitive structuring. »o expectation of idih- 
tity between one child', drawing and another child's drawing of -a given . 
ILarical quantity la implied here'. In categorizing children' r drawls ^ 
of objects, both the relative difficulty of rendering various objects on 
paper, and the subject's experience with the drawing materials, has to be^ 
taken into account-. It is nevertheless hoped that children's general <Level 
of symbolic performance can be assessed. **" , 4, 

V ... r '• ' .* \y : ■ y • ; 

Hypothesis 3. There are leve^ in children's knowledge of the conven- 
tional notational system. Children's ability £0 write 

r 

number-squiggles (digits) is distinct from their ideas 
regarding the meaning eff those squiggles. Children's 
theories concerning meaning form a developmental . 
sequence" from varieties of non-quantitative to quanti- 
tative ideas. 

Or 

Number-squiggles are objects, of knowledge, and young children in our 
culture think about these squiggles from quite an early age (Ferreiro and 
Teberovsky, 1979). Very young children (from twc^and-a-half years of age) 
•re able to differentiate letter-squiggles from number-squiggles ( B.Sinclair, 
1980b). But the squiggles seem to have* rather littlemeaning beyond being 
recognisable marks. By the time children have reached their fourth birth- 
day, they have had numerous experiences with the squiggles and seem to have 
•ore aystematlc notions about them. - 

Numerals appepr^in the general environment on all sorts of objects:-^ 
clothings vehicles; houses; clocks^boofes^J^hoay cakes, etc. Not only 
•re the host objects varied, burthJfunctions which numerals serve are . 

< 
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w Ud a. well (prices, bus routes, sports scores, date., to list bu t a few). ■ 
It is presumed that children construct their own Ideas mboU%^errword6 
«nd nUDber-SQulggles, as well ss Idess concerning th% llukages between the 
two (Siegrist «t ^1. . in preparation). They build these notion* as they. % 
hear,' see and use the* in conjunction with all sorts of activities: The 
differentiation of these linkage, is crucial to children*, understanding; 
that «umber-.quiggle. snd .counting word, can refer to the ideas of cardinal 
.value rather than to specific object.; particular activities, or special 
events. 

It, 1. expected that digits representing small quantities will be given 
a numerical meaning prior to numerals representing lsrger amounts. Multi- 
digit numeral, wherein numerical value is specified by the positions! nota- 
tion of digit, (place value) should be a late construction. This acquisi- 
tion should depend In par^-upon the capacity of the child to structure the 
relationships between the numerical part, and the numerical Whole designated 
hy the numeral (e.g., three and twenty and one hundred In the numeral, ^23) . 

Hypothesis A. There is a positive relation between children's cognitive 
developmentsl level and level in symbolic representation. 

It i. hypothe.ised that there is « Positive relation between level of 
cognitive structuring snd level of Persona graphic *epresent.tion; children 
who perform at higher level. In tasks designed to t.p the foraer. will also; 
be at higher level, intasks* devised to show the latter. 

This hypothesis rests on the assumption that very general cognitive 
.tructures underlie and direct a child', behavior. Mumber is S general 
.tructure, and a child'., symbolic represent. tioh is a manifestation of that 
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.truetute. Vh.t . 'tflli dr.w. i.« reflection *.t * « 
th. r*.tie«ehip 4»a»,o. g ht t. be clo.er tb» the reUtion- 

«^ fitween »grii«ion «d e««.ti«»l «pr««.t.ti<» be«-.. th. child »n 
«,„ otitic, to wh.te,.r «* > «*>» !« .ddition th. child is 

not coo.tr.in* by hwtog « know how t. M k..,.rtic»l« kinds of .h. P es 
(grsphie squiggles). ' .r ; ' V 

^othcri. 3. There i. no »n.i.t.»t r.l.«i«. between children's cog- 
nitive development »d their knowledge of the not.ti.nal 
system. 

It is hyp.the.it- th.t there i. no «~«t«t relstien between ehil- 
W. cognitive 1ml - their level, to — » the 
on . ^ ^.r.1. «r. cult»r.lly give. object, which »t he l^ed. On 
Mother h»d th. numer.tlon .,*«» h» .P«eif ic properties tktt |re- 
mmU* ««i be r.con.tr.ct.d by irfividusls. * child who how to 
„ite s^iggUs do- - nec..rily -—-.«*• 

of %hem. A child who d... ..t know how t. Write .higgles doe. not »cs- 
«rily l»ek knowledge of number (Pi«g.t. 1«1>. 

It i. byp.th..i»d th.t children who «. further .long in conceptual 
development will not nec-rily be knowledge*!.' in convention! nota- 
ti». Con.er.ely. children who d-on.tr.te proficiency in conventional 
noftion will not n.c....rily tave highly developed number concepts. 
„,oth,.l. 6. There i. no c«»i.t«t ra..i«. b.tween . child'. 

.bility to represent ,u«»titi.. w-boUe^Ur «* 

h« ability to present them in ""tion. 
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» there 1. no consistent relation between cognitive etructuring end 
conventional tepreeentntion (Hypothesis 5), and if perional repreeentetion 
follow, upon cognitive attucturing (Hypb«ie.is 4), then one would expect 
no consistent relation between Revels of personal and conventional repre- 
sentation. If. on the other hand, some relstion is found,' then the results' 
of hypotheses four and five above would have to be reexamined. 

Hypothesis 7. The relation between cOnceptuel development and per- 
sonal representation will be etronger then the rele- 
tion between personal and conventional repreeentetion. 

" ' ' ' _ ■; •". . * » 

a ,■ •. y ■-. 

This hypothesis concerns relations between relations, thst is, t^he 
strength of the relation found in Hypothesis 4 against the strength of the 
relstion found to Hypothesis 6. It is hypothesised thst the relstionship 
between cognitive level and symbolic (personal), representation will be 
closer than the relationship between symbolic and conventional represents- 
tion. Children who have structured quantities ss large as twenty-three, for 
example, .ay have difficulty Interpreting the relation between the 2 in 23 
and twenty objects. Similarly they may have difficulty In dealing with the . 
•tanlng of xeroe 

These general hypotheses had to b* translated into concrete situations 
. (experimental procedures) in which children could work with materials, "play" 
with relationships, and talk about their ^as. These procedures or tasks, 
are described in the next chapter which discusses the method, used in this 
exploratory and decretive study. The reformulation of the hypotheses into 
simpler questions can also be found there. - o 

Hi 
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CHAPTER IV 
METHOD OF STTOY 



In the p„chog.n..le -etnod of .tody. theory-b..ed hypotheses sre ' 
^..d ln .xp«i«nt.l situation. devi..d to elicit children's ideas 
.bout tbe «oeet .£ bnowjodge -0e* investigation, ChUdren " e " tai '° 
-«ri.l. t. .01™ ttOUm. drs» inferences, ~*e Judg- 
«„«. «4 .xpUm their solutions or conclusions. This chspter opens 
wlrt . description of the task, use* «o «n>lore the hypotheses described 
in Chspter III. The enpiricsl ««K focused on children's reconstruction 
of the ptac. v^ue pwperty of «.« no...!*..! system.' To this and the 
tsshs were designed to eipo.e children's knowledge concerning I-Uce value. 
>na cognitive and .y*.lic repre.ent.tl.~l abiliti.. thought » be 

linked with place value understanding. • - 

. > _ were oiven, end the iltuations 

Next, the subjects to whom the taslcs were xa.ve , 

in void, they .»rked. sr. described. The design of the Study « cross- 
..cti^sl. Fi^ll,. the procedure. ».d to -lyre thd.dst. obtained 
fr^ the interview, are discussed.' These include both ,,-lit.tiv. and 
,,-ntlt.tive procure.. The res.srch »« designed «o uncover levels snd 
test for rel.ti~.hip. snong level, i* the do^in, of cognition, symbolic 
rep«seot..io». snd conventional representation. 1« - ~« «-■-.- 
explain novement from one level to the next. ^ 

Task Descriptions 

»**»ifi children's conceptual development in 
Three tasks were used to assess cna.j.»*«** • 

nu3*er f and these tasks are described first, 



(1) conservation of E^-enterx. *!2*i£I 

Materiel" A standard boxed collection of poker chips contain- 
ing red. blue end white chips. 
The interviewer Q) the child <S) to chooee which color chip 

h. w«t.d to wor* with. 1 took chip, of . different color end made e 
row of chip, in front of S. C*oun g e. children were esked to pretend 

m.. tf* 1 eked S to use hi. chips end "put out 
thst the chips were cookies.) I es*ea i» „ 

a mat* win heve lust the same amount 
just es -any. so that your row and my row will have 3 

. . w m W ked to watch beceuse I was 

(to eet)." After S made his row, ne wes as*e« 

, oin8 to »«. 7 OUT ««> I rev in., . .P«i.n y 

lm „r - - >" >~ ~ "* " ~ ,tiU 

,i.i.T«, t then pushed S's row together 
amount (to eet)? Bow do you know thet? 1 then pus _ 

* t . Mlttd ^ ^out now? Do we (still) have the same 

into a heap and asked, wnet 

„.u»t(»«t)t Or do.. «. of u. h.ve «T»" 

' _i.. T . T made two additional 
In case, where S> responses were not deer. I mea 

s*. lerse heap into two smaller heeps; and 
transformations: split £_£ large new *» 

» 'ce« I asked. "And whet ebout 

stecked chips into e tower. In both cases f I, asice 

now?" 

. (2) EsUbi^Ea^ 

Hsterlels: Two stuffed ^ <• ^ * *~ 
r ..embled a W^end poker chips off the same. 
. K color that the child had chosen for the con- 

servetlon teak. 

u — ««« of the animals to work with, and I took 
S was asked to choose one of the au»»« 
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you think that If. f-x ft. your (-1-1)' » th.t «ch 
„ „ W .hi. -uch to C«,you-keit W (F« " 

, ounler child..*. I .Ub.....d thl. ..««, by «iU».. "oh, * «m U 
go ..„. h.'. «yftg i- *•-•« if. M. .» - -»» i-« 

„ „ch ft. hi. dinne.'a. «h. doggie tot. 0. J™ W» "» "*•"> ■ fc 

TU. «* «. -ed to oh..™ how S «n. 
* reaving .wo .hip. ft» M .—I'. * -"■« «"° 

fc. a. box » *. * » lllCt1 ^ * U °* ** 

.hi,. *. «di...ibu.ing then »ong «h. — — *r— * « * ,lnply 

r e»*ing one ft- U — 1'. -M— * " " ** 0ther - 

(3, intici^Ea^b^Un^ColUc^ 

■Mrtrt.. Ih. two .nio.1. u..d *«.. «d . Urg. collection 
of «•«• wood«> block. (1 1/*" * 1 »*" x l/4 " } - 
„«i .«*«d . U.g. (MM - »*• <» ' • b °° t W -* 
oni-1 ..cived . «U« «»«.t 0, - «~ 12, . X ..ked S if on. of 
the .ni«l. h.d -o... Ih« S w„ -k.d to -«* „ J b.g» raving . 

hloch.. ft- to • *~ ^ " ^ 

• .. .1.™ T'« S va> uked, "Sow vho h.B bom!" 

Into • cl««.ly m»lU. h..p th« I_« . i«" ' 

S ... told h. w« going » h. Mfcrf . funny of • 
.. he"h.d «. li.««» "Doyo* think *..«*...«, 

.«t one tl«, when you. «ni».l h.d J-t th. « «i»e?» 

"• Thi. «.k -« d..ig»d »«. «h«he. £ could inf.. th« »«n«ry 
. qu . Ucy a. collection., when he w.. prevented ft» counting ae 

- „ ltflt . mm the blocks were being 
Initial collection.. «nd given no r.uon to count «• the hioc 

removed from one of them. 
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d„k 7) «r. u.ed to pre*. ehild».nV .bility » d..l ath *-.ricl 
««iam.. both « grouped eolation. »d » .f ."uped *J.«t». 

(4) Socks and Pan .. . 

M.t.ri.1.: B,r« put. .f ttddlef »ck.. «« bto™. one «d. 

and one blue pair . 
Six eock. were Uid out in front of 8 in . pattern euggeative of 

M —t I've got h.r.. . «W bunch .£ »ck.. Cn y.u figure out how 

par. .£ ..ck. «».« ■«* c» y« »-t th- 1»» pa»t- ith« 

plcte d up e.ch par «d folded the ..ck. W. « <*> *• 
that any .* - do b.for. putting ..ck. ««y in . dr«r) .. «h.« .—ock 
.. d U W ..r.4« in» «h. .«h.r. *« ** ^" folded - 1 ~ 

«.k.d. "H» «ny ..ex. do you think th.r. «. at.g.th^ M h~ 

paire?" * » 

The ln«.r..« .f thi. ck «« » find .... in . taiU.r .nd Con- 
or... context, whether*™, bothered by ».ix» h.coang ««hr..» «.d 

reverting beck to "»ix* H 

The next t..k r.,ar.d child™ three .ep.r.«. dr«.ing. .* 

.i, ob,.c... .P.aaiy .«»g.d in three diff.r«. P.rt-Wh.L «!.«»- 

•hip*. 

(5) Drawing Stick* 

Hmaa.. Six pop.lcle .tick.. th.« .».«. Pf P.P« 

(9" x 12") nd . choice »f drewing ■.teria. 
(crayon., creypee. end megic mrkere). 
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i „,d a» .ix ,o,.ia. .tick. » — &$& fftfr fr V| - 

In front of St 



(■) 




0>> 




(e) 



« w put out. b,««.e in . — »t. V totng to **. the. ^ 
*. .rich, out in -*« -,.« Aft.r Y conpl.t.d h.r 1 **- 

„ .he .tick. »d »«d then, » -* *e .rr.ng.nent. S «. *- 

. ..cood eheet of P-P.r «* — » ^ — — " "» ^ 
«,.... tnen I pi*., up the .tick., nad. the third nrr.«g««t v jnd g~. 
S . third ,heet of P„.r. When 1 fished th. drying. I »ok »„ *• 
Trick. «d lined up Sl> three drying, «rti«ll,. S ~h.d to look 
et her drewing. - «« -".d. "* ~ — 

any other?" 

Thi. t»k »» ». .«h«S«o«ld dr» th. .»bg»«p.. «d whether 
S ...Id e«p.« the .p.ti.11, ..p.r.«.d ,««.. « th. " 
.h. «wlu»ted «* driving of .in ntieta. I ■ 

Th. .«« t-o t»k. ,.cu..d in th. r^eti«. h.t»e«. ehildr»<, grouo- 

lng of .„.«.. th*r n**U« — " rf ° £ 
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units made Into group.), their notation of quantities with numerals, end 
finally their ideas concerning the quentitetive reletion(s) between the 
numerals and object, rendered. ' Of greatett interest wee whet the child 
would sake of the reletion between individual digit, and the quantities ■' 
they represent (place value). The two tasks were perallel in structure 
but differed in the number of elements used, and, In the set (group) 
sizes made with the elements. The objects (wheels and sticks of gum) 
were selected for a specific reason. They ere familiar objects in the 
child's environment in both individual and grouped weys (a cer needs four 
wheels, end pecks of gum contain five sticks). 
(6) Wheels and Cars 

Materiels: A car made out of Tinkertoys (wood and plastic 

modular pieces thet can be put together to create 
• . different kinds of objects) with four removable 
wheels; s wooden ciger box conteining twelve 
additional Tinkertoy wheels; paper (12" x 18") 
and drawing materials (the same assortment used 
for "Drawing Sticks" above) . 
I showed S e Tinkertoy car and asked, "How many wheels does e car 
need?" Then . box containing twelve more identicel wheels was opened and 
the wheel, dumped out in front of nimT The wheel, from the car were also 
removed, thus making sixteen wheel, in all. "Can you figure out . way to 
tell how .any car. we could outfit with .11 those wheels?" Note was taken 
of whet S did with the wheels (e.g., line them up, or make particular 
kinds of patterns as he composed the sets of four, etc.). Then S was 
given e Urge sheet of paper and the drawing materials, and was asked to 
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>«k. . dr«i»g of*. «wl> ».. th.t « .—on. 1M «« long ~d 
looUd , t th.y cduld «11 th.t «. h.d .11 tho.e .nd 

„ .old -k. (four) «r. with «h«.» Aft« I dr« the nteri.. he w 
«M «. -Vrlt. the — « f« W "* *" ' 

"for how wmy cars we could Bike. 11 

Wing . differs color narker for «ch digit. I dr.- circl... first 

.round the 6 «d then .round the 1 i» «. -* ««- .** ctrCle> 

y „ think thi. ,.rt of your .i»t.« h» .nythlng to do with «h. .nouht 
of .heel. th.t you've dr»n her.7 Cun ,«.«*. thi. «.«*« .nd .how . 
in your dr»ing7« then I dr« circl.. .round th. .hoi. U «* finlly th. 
i -king -ch ti«. "Do you. *** .+* h- «W * do *«h «h.t ,o«W. 
4r-»t- Cr. VU Uhen not to Oil the 1 in 1* W « *• 6 in 1* 
. in. ..rding. »«h.« ,.r« of your .!*»«" - *• 
(7) Packs off Gum 

M.t.ri1.: On. pnck-of gun «itb th. top torn off (•• th.t 
the fi« .tick. «r. vi.iM«); .<v«.ty-thr.. 
loo., .tick, of gum; p«p.r «d drying ««.ri1« 
(a. «Md for "Hh**l«" .hove). 
S -« «k.d to v.rify th.t . full P«* of > «»t1«d fiv. .tick.. 
Thou S«» given th. t«nty-«hr.. lo«g .tick. .nd »k.d if .h. could 
H*Z out "h"- P«k. .f gun 1 hid to ^ up to got 11 - th.« gun 
th.r..» Note «. Uk.. of S> grouping .ction. counting .tr.t.gy. mt 

.he did uith th. "r«1nd.r of »hr«.» S w„ .gin givnn ,.per .nd 
dr„ing -t.ri1. «tf «k.d to «k. . dr»ing of -»« «•» ** ™ 
„, t of th. procdur. .«.id««id to *h.t u.ed in «^*» 
S coveted th. dr»iog -d h.d urit«n th. n-orl.. .h. w« to 
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,^i«a on-itUi... AMi- th. ~«d** P." •* ^ 

th.n »fl,.t two" or »th.t *».." w» .trlctly .l»etv«d. 
The »„, w- «.d « . ch«U on children.. *- *• 

« .f th. digit* •» they hnd .hown«h» on ft. - 
t „ ta *^ For thi. t»h. 1 «*' ~ * J* * *? dr " Bln8 " d 

writing. 

<8) Other Plait, and Humeral. 

M.«riO.. «d dr«i»g w*mU* (« ».d in «Whe.ls» 

and ,, Gutfi\above) . 
I told S. «Ww don. Il^e ^» X > y °-'" 

,i..d. This ti~ I'll ■«" ^rUte • 1 

»~ ., H. ...rlv M compUctV « yo»». J»« "» U " 

added, "Ih«y won't be nearly u \ 

Th.. t ir«si th. following qu«ititi«s 

on... I'm not «uch of an »rti»t. Then I «rew tn 

of (beginning with ..- « f« «- yo«ng.r ohild«n «i . - M «* - 

ol d.r .hildr.n). follow.* by the .i,^*...--.. 1 «-* ^ 

tlM to indict. wh.t the indivi^ digit. ("«h.t of «h. *— • 

p . rt i-r.- e«o - *• *»» Wa " * 

quantity of mark, made. \ 

<a> six line., end the numeral 6;s 

(b) fourteen V* or line., end the numeral 14; 

(c) wanty circle., and the numeral 20; 

(d) five more circle., and the numeral 25; 

(.) one hundred and five line., and the numeral 105; 

(f) five of the above line, vere covered up. and tha numeral 100. 

US 



- th. .how ,u»«i«i.. «« cho.» with .p.citic id." 1» — *>■ 

(., .ix i. . .i^dlgl. W * nrat " lD " 

„ lvlng . -W which i. condudv. t. "'^ «• * W °- 

wt ««..t«.«i»» th. «*^,« «• of »»; (« —r*- " 

. »o-di«it «.«. not involve . W «d «. i™.***-", • 
... hundred and «*. i. . ™*>.r u.iu B »rp in . «dlal 

portion, W (f) I- • — «* — ln *** 

aedial and and positions. 

lit t»k th.t ..m. of th. children did »« • ««•«•»•• **. 

t .„ on . o£ tl« .. -.11 M »x.«y. — of th. f.««- - •« - ** 
*ildr«, pUy- - *• th. M« «• 

^ , with « ».ei.l «i tow.rd» now they «y«holi«d eero 
without ueing uuah.t.), with . «peei.i «j« 

(9) MurhlM 

M.t.ri.1.: An 18" .q««e «rbl« boerd. covered with green 
j* ' felt, on which*, circle -de of yellow end 

! white rick-r.ck w« glued; « Urge quantity 

of ««ble., including one Urge "shooter 

•arble"; paper « nd pencil. 

x. h.^ th. — ln ** ^ * ** 

clrcl .. xh. child w„ told *.« «. «-* ox *. M« «uld h. to VUOCh 

M t „ «ny -rhl« » ~ V* T """^ 1 

X». k «ut-..»d £ - -^«^ .c.r.: -Could «. thinh or . W.y 

* h»,io, .oor. without u.ing uu»h.r.r Any «y « -U. — 
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Subjects 

. Eighty children between the ages of 4:2 and 9:9 fro. urban end 
suburban Iddle el... beckground. *ere Interviewed Indlviduelly. either 
in their hone, or at their .chool.. by . .ingle Interviewer. All of the 
children were "norm.1." cooper.tive. delightful individuel.. None of 
them h .d eny phy.icl or nehtel hendicap.. end n*ne of them f.ced any 
unu.ual anvironmental deficit, either et home or at .chool. . Meat of the 
children liked erithmetic; only . few remarked that "they weren't too good 
With number." or "didn't do very well in «ath" in .chool. ^ 

Most of the youngest .ubject. (four- to five-and— half-year^ld.) 
.ttended . univer.ity day care center In bridge (Radcliffe Child Care 
Center). The v..t majority of children eboye the age of five-and-a- 
half were recruited from a .ingle neighborhood element.ry .chool in 
Belmont (Winn Brook School). The reminder of the children were per, 
ticipent. in a .ummer day camp program at a privet, .chool in Cambridge 
(Buckingham* Browne and HichoU School), or were friend, and acqu^ces 

q£ the Interviewer. 

The «1, cric.ri. th.t w.™ .xercUed In the ..Lotion .£ 

beym d their being n.«»l, cLj. children. «re (1) th. child'. 

Tilling-... t. h. lnt.rvi«.d'. end (2> »««*.! ,.»i..i.»t. interview 
ft. child, *taitt.dl, there i. . kind .f «lf-el«tl«. «».g th. vool 
.£ .ubj.ct. .hop.rtieip.ted in thl. .tudy. Th. n«b.r. of children 
in eeeh group «. giv» in 1*1. 1. «•« «»« «*~ **" 

.^.r of four-,eer-.ld.. fiv^r-old., etc." end the ..cond coin- 
„fUct. th. ««*« nf chlld«n when two eg. > .gwup. .« collfn«d. • 

' . '121 ' . ''.V ' 
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Age 


n 


ii 


4:2 - 4:11 


12 


V 


5:0 - 5:11 


15 


6:0 - 6:11 


12 


29 


7:0 - 7:11 


17 


8:0 - 8:11 


12 


24 


> 

9:0 - 9:9 


12 


TOTAL 


80 


80 



Table 1. Umber of subjects In each age group 

The distribution of subject, by age and sex is given in Table 2. The 
number of sale, and finale, are once again given by« separate and 



Age 


Male. 


Females 

■ 4 


4:2 - 4:11 


8 


16* 




11 


5:0 - 5:11 


8 


7 


6:0 - 6:11 


8 


13 


4 


16 


7:0 - 7:11 


5 


12 


8:0 - 8:11 


3 


* 9 


9 


15 


9:0 - 9:9 


6 




TOTAL 


38 


38 


42 


42 • j 



Table 2. number of «aes and females^ each age group 
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the distribution of subjecte by grade level U given la Table 3. Again 
the nuebcr of children In each grade level, as well ae the nuaber of 
children in collated grade levels, la given. 




Table 3. Distribution of„subjects by grade level 



Of the 80 children who were Interviewed, 27 were, four or five y.are 
old. 29 were aix or eeven year. old. and 24 were eight or nine year. old. 
Of the 80 childran. 32 were in preechool or kinderg.rten. 24 were in fir.t 
or iecond grade, and 24 were in third or fourth grade. Overall 38 .alts 
and 42 fn.l« took part in the study. However the balance between aaifi 
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and females among age/grade groups shifted: among the 39 four- to six- 
yasr-olds, 24 were boys while 15 were girtf; among the 41 seven- to nine- 
yesr-olds, 27 were girls while 14 were boys. Gender was not thought to ; 
be ah portent variable in this study/therefore no effort v.. rn.de to 
obtain a more balanced distribution of boys and girls. 

' Design of the Study 

This descriptive study, while exploratory in content, has features 
in common with wore standard experimental work.. From a purely experi- 
mental point of view, this study is closer to the pilot testing phase of 
research than te> experimentetion. From a Piegetian perspective, however, 
such exploration is central to discovering if there «e level, in chil- 
dren's natural construction of knowledge in a particular domain, that is. 
to determining whether the sequence of construction is developmental, 
and. to describing the levels that are found. 

in experimental studies, hypo theses; are articulated in terms of e 
finite number of discrete variables thet.er. thought to cense or contri- 
bute to a perticuler outcome,- singularly or in interection. Because 
this study cslls for the discovery and description of developmental 
levels in two relatively uncharted areas (symbolic representation of 
. quantities, and knowledge of the not.tional system), the hypotheses are 
*ery general and were given In proposition^ form. Propositions lend 
themselves to cstegoricel eveluations either there ere. or there ere 
dot, levels of development in the areas being studied. 

in designing an experiment to test for the effect of isolated vari- 
ables on an outcome, as many variablea as possible ere controlled in 
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„*« .. ioolnt. ft. .ff«t .1 ft. h W ort..i»4 «-.»•• <« *» « «~ 
(BtaunUuK mtl«. th. .£f.«t of ft. «««-«) •» 

„r«d onto«. fih*r«« to . .trior «t or «».fi«nr.l P»«*«. 

• j 4— Wnc able to replicate the experiment. 

Important from the standpoint of being awe r 

d» .rplor.tor, .rniy ..ft « th« - *>"» " th * ; 
mi to o.nrr.1 ~nftU., nor d... it dl.r.|«d ft. o... for .p*if y in 8 

„d c«ryin g ftrooft -ft . »« P»o.d..... »« ™ift« «. 
to ft. d.^.. th.t ft^r «. in . .trtctly «P.tl«nttl d«tg». 

Fim. ft. cliWert t.ft»l.™ of «t« e«v.r..tio<, «lth 

.Mldr*. «» -oW.a. »>«. «n«p.c«.d ..«e.fr« ohttdr... ft. 

foiled ft.* ftr.oft -ft P.O... U.*, - T 

a i ..d.r.t.od t».t - do ,.o — - to "" ,tlng 
m T .» t.U .. . bit ftout ft.« Did TOU 1~- ft.. fr» ' 
Md ftU ♦» *~ th.t»). if . ftiW oonfUotlng .oooonft 

„ t» ft*. (..... ««F— «~ of ft. ,o»tiftti« «n*ng 

of ..ft di«it in . fo-di.it «-«-). ft. «——;*-•■»- 0V " ^ 
„*. -ft hi. to ... -h.ft« ft. .pp»«t diff..«« -.tur.d ...oft » 

» ti v.t. hi. to hi..—, m oft" «««.. " l " de 

„«rd of ft. diff«»» h.««n hi. t~ .ooo.mt.. «1 th.t Uri 

* «*« <4... or was hit level of understanding 
to hit repudietlon of one of the ideas, or was nxs 

.„* ft.t ft. mcon.i.-C - «- » 

' th. I.t.r»k«.r „n..d . ..-.«-.» « *• *~*A»* *"* " ' 
• . «... ft. ft«d.n.d it »d «nt on to ft. «* ft* » » - « * e 
■ «W of ft. ftilo to fro.tt.tKm, bor.do» or f.ti*u.. 

Sdoond. ft. ord.r in -rnioh ft. «|*. «« -* ^ 

b.Uno.d, it .« ft.— *or 11 .ftJ.o». th. o*nitiv. ft*. «»«» 
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X through 4) ~" f.lic*.d «** "» twta th.t «U.* £.t W*oUc nd 
conv.atton.1 npru.nt.tto. ««V- 5 through 7). Ink • .her. *• I«er- 
,to«r «d. th. npi.Mnt.tiou. nd «h.t. no objeet. «« Involved. w« 
don . n „ t . „d th! ~toX. I« »«k « oond»d.d the .—Ion. 

Third. M th. .tody «. not .n «p.rtoent.l Intervention, no pre- 
tut or ,o.t-t..t «««.. of ny kind v«e «talnl.t«rt. «d no control 
,„up ... nt.bli.bed. Cr.«. tikn to ».v. . .ufficton. numbur of 
children ItUi .«* «.-,.« M* trooping <f Our- »nd f iv.-y..r-.lds, 
„d «v«u-,..r-old.. «nd .l|ht- «d nto«-y.. M ld.> to enure . 
npn.ttt.tlv. .ttpllng of Iddl. «1». children-, idn. In tbU .g. 
„„, «nd to penit w>. .t.ti.tlc.1 ttelyn. of th. d.t.. 

to upertotttel .todl... f.r»l dncrlpticn. of pheoomen. ere . 
^ n^l to proh.blll.tlc rein, for thi. 11~. on. to -to ,J. 
pr.dl.tl~. bned^ th. ngulerity th.t v» nurvtt to th. «p.rtoeo«l 
.itntton. to tbto .tody. .«ch fon-1 d.«rlptl<m. K. f». 

ptoUly. th. .itnti... to -hlch th. childnn -r. lnt«vl«.d .«.« 
no t the .«e for 11 .«oJ.e«. d«mg th. younger .ubj.ct.» u" v.r. 
tonrvtond to . .chocl ntttog. *1U th. »t nr. vtolfd to th.ir 
hoatl . toong the older children, th. 1tu.tio» «. nnrnd: u.t v.r. 
tot«vi«.d to th.lt h«.. «hiU «ly . f« «« tonrvUnd .t .chool. 
Xfc, d.t.nto»t. of hon v.r.3. .chool ntttog nn tto. of ».« 
(i0 « .^.ct. «r. «« during ventto. period.) »d ,««,«.• Judgnnt. 
fading ttet. their child »~ld h. «t c«fort.bl. b^ng interviewed. 
It .hold be .dd.d th.t to neb of th. .chool ntttog.. th. t..ch.r. 
end .d1nl.tr.tor. ..« «ty ttpportiv. of thi. rnnrch nd. g«e th. 
tonrvtonr • «P«.t.. ,ui.t ro« to .hlch to conduct the ....ion- 
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loch child «u »ked to do mny task., and thu. the interview wes 
long. The younger .object, ver. ...n twice for ....ion. thet l«ted from 
fifteen to twenty -inute. eech. The older subject, coveted the fks 
in £ .ingle ....ion that took anywhere* from forty to ninety Inute, . 

All of the interview were tepe recorded end trenecribed hy e .ingle 
lodividuel. the interviewer. Moot of the origin.! drawing. «e in the 
po.Me.ion of the Interviewer. The children who wanted to keep their 
.drawing, were -ked to lend them overnight .0 thet they could be duplicated. 
In .11 ce.e. the drewings of the.e children were returned to them within 
* day or two. A •amp ling of the children* • drewings ch be found in 
Appendix A. 

Data Anelyele Procedure* 

• : ■ • ' 

The hypothe... which « «nt th. enUyei. to eddr... ere ^«» hel». 

r«f„™«i.t.d „ dir.ct ,«.tio». a- \m*-»l<*-«>» r* "* m *' : 

(deecribed ebove> -ere Plred » i- »• B "°f 1 " M 1 thI ° U8h 

3 concern level.. «< hypothe... * through 7 concern rele«ipn. «* levels, 
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H ypothesis /queitlona 

1. Are there levels inwnoeptual 
development? In. th« ability 
to ntructure e collection ot 
* objects into subsets? 

2 Are there levels in represent- 
lug numerical quantities sym- 
bolically? 

3. Are there levels in reconstruct- 
„ log the notational system? in 
grasping place value? 

L What is the relationship be- 
Seen levela in cognitive de- 
velopment and levela in sym- 
bolic representation?; 



5. 



6. 



What is the relationahip be- 
tween levels* in cognitive de- 
velopment and levela in conven- 
tional repreaentation? 

Vhat is the relationship be- 
tveeh levela. in symbolic 
representation and levels in 
conventional representation?. 

Is there a stronger, relation- 
ship between levela in cog- 
nitive development 
bolic representation then be- 
tween levels in symbolic ' 
representation and conven- 
tional repreaentation? 



Tasks 

wumber concept: Taaka 1, * «*.'• 
3?Grouping objects into subsets: 
iaak A and actiona in Tasks 6>and 

?aeka' 5 and 9, and drawings in 
Tasks 6' and 7. 

Writing and interpreting number- 
■quigglea in Taaks 6, 7 and &. 

Cognitive levels (results from 
tasks associated with Hypothesis 
Talaiust symbolic representation 
levels (results from tasks linked 
with Hypothesis 2) . 

Cognitive levels (results from 
Hypothesis 1) against notation 
levels (results from Hypothesis 

3). 

Symbolic representation levels 
(results from Hypothesis Z) 
against notation levels (re- 
. suits from Hypothesis 3). 

Strength of Hypothesis A rela- 
tionship against »«ength of 
Hypothesis 6 relationship. 



Figure 10. 
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.£ ^ r«d.«±4. i« «P«..nti»g id.» 1» dr»ing., .nd 

„ d „ .£ „iUng ond -.igning » »'- MU - *• * U4,W '' 

ip o».. „. «h« *«... «e goings, *« P«- 

t.™ «hich nn»l .d.v.lop«nt.l different. 

UmII,. router childr.. HI «« •« - ° £ 

*il. .lightl, 01d« child™ .ill V. •«» oldeI 

.f «h». cc-dUtl- .»o»Id Pro- 

«h.« ,«h cflU^. «U. in . «d«l, (r.^ .^r.U.^ w.y, 
^ c b . .»..«- - -i«M- «* ftffM— * Uto, Once 1««U h.™ 
.. trt li*.d. ctin.^cy t*U. .« co»«»c..d «« W 

* uvei , -d* «• *« - -r 

w « for i-d.P~d.nc. • .t.^ i. — - • ^ 

tH. -ult. of .H... P»c-™.. «. t«P<.tt,dln CH.pt.rV 

X. 2. -d 3 «. I— JT ^d«...d - * ^ ^ "* 

ofthe *«...,„.« do-in.* Th. to th*. option. .« d«l«d 

-king . wria of «P«i~» «ng » ;«? 

«„« «.„ » rt g«d » "P th.1. .-iUtU. in *. «.P.Oti™ do»in.: 
*. c.gni.i« l*M «i«h B^th-i. It*. .V*oUc topr»«.t..io Ml 

^ „..cut^ -it* 2, ^ «h. cpnWion.1 r.pr«««.tioo.l 

^ w «ifi.d -tK 8 «o«h..i. 3 (•« m-r. M). « .i^UritU. in 
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perfor«nc. -on, the tart, toaeh of th. do»*in. U found, then those 
result, can be Interpreted ee reflecting wlthln-domsln develop.ent.1 
We. They cen be treated .. hnving tenped el^Ur, or highly releted. 

developmental phenomena. 

A eerie, of contingency teble. «e conetructed in *hicb performance 
l.vele among .11 combinations of tart, within eech of the domsin. cen be 
compared. For ewle. the dete for cognitive development include chil- 
' dren'e perfonence on number concept teste. (Twice 1. 2 .nd 3) end on group- 
Ing task. (Tesk 4 end ection. in T«sk. 6 .nd 7). Thus the teble. ere com- 
posed of level, in Tesk 1 * level, in Tesk 2, level, in W 1 * levels in 
Tesk 3. level, in Te.k 3 * level, in Tart 3. end .o forth. Chi squsre 
«d Crsmer'. .t.tistics .re performed on eech of these tebles. 
• Once the within-tcek end wifiii^pmsin result, heve been e.teblished. 
one U positioned to address the questions listed a. Hypotheses 4, 5...nd 
«: .re there relationship* ^developmental level, in the cognitive, 
symbolic representetioual. ^convention.! notetionel domUns? The 
.eries of co^erison. th.t these hypotheses necessitete .re betwee^do^ 
level, of performnce: number concept teek. x^olic repre.ent.tion.1 
taeka; coaceptu.lt.sk. x convention.! repre..nt.tionS t..k.. «id sym- 
bolic . conventio.ua repre.ent.tion.ine.ks. Chi squsre and Cramer*. 
.«ti.tic. .re epplied to eech of the\.bleS compb.ing this set of date 
as well. - 

1 Fin.lly. the rletlve .trength of the relation between cognitive .nd 

symbolic repre.ent.tion.1 abillti... and between symbolic and convention.! 

f repre.ent.tion.1 ebiliti... can be deduced (Hypothesis 7). The result, of 
the et.tl.ticl enelyee. bearing on the .even hypotheses en be found in 

» o 

Chapter VI. 

■ . . a . ' 

i ■ ■ ** ". 
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CHAPTER V . 
1ESULTS: DEVELOPMENTAL LEVELS 

The go.1. of thi. .tudy were CD to identify develop-ent.1 levels for 
each of the tuk. 1b the theoretically di.tinct dowin. of knowledge, end 
(2) to see whether . set of hypothcired rel.tion.hip. could be found 
e*,ng th..e level., e. reflected in individu.1 children', perforate on 
the tok.. The d.t. «.ly.i. procedure, used to .ddre.. the.e go.l. were 
different. For the .ak« of cUrity, the re.ulf .re pre.ented .eper.tely. 

The fir.t ctegory of rcult. concern witiiin^tjsk develop«nent.l 
l.vel. th.t were found by.—n. of quiiftive .n.ly.e. of the data. A 
.u—ry of the level. c« be found in Appendix B. . The result, .re for*.lly 
" de.crib.d in . ..rie. of level x .ge contingency ttbU. th.t constitute 

Appendix C. 

Th. ..cond c.t.gor, con.!... of th. r..ult. b«ring upon «ch of the 
hyP othe.i«d rel.tlon.hlp. .„tlln.d In Ch^ III. Bypoth.... 1. 2 «rf 
3 focid « jrttMOidoHia 4«.lop-ntri Imbi hypoth.... *. 5 «d 6 
conc.rn.d .t.cl.clc.l „l.«i»n.hip. SSSOSli ond h W .th«lo 7 * 

.u U „tt» th.t th. ,t.tl.U«X r.uaoo.hip b.w.«. cognltiv. d.v.lop«*nt 
„„ .^.ue *.pr..«t.tlon would b. .««**« «h» th. r.Ution.hlp found 
b.w..» «*.Uc «d convntlonU «p»«»«.«io.. r«.ult. .« d.- 

.crib.d in th* trtUt th.t font App«ndix » «nd E- . 

. Th. n.ult. of th. ptocdut.. «..d todi.c.r« d«.l.p«*nt.l LyIs 
„. ai....... in thi. eb.pt.r.. Ih. di.cu»ion of th. ...ti.tic.1 r«ult. 

b«rln» in «oh of th. ..vo hypoth.... i. «•«"•» for Ctapt« VI* 
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A f„ .Ld. r.^rdln» th. prow, by nhich «ithin-u.k d.«lop«nt.l 
1Mb «» Lct«d -11 hi, to *nid. th.r..d.r in th. folio*., dU- 
„Mi», sLctnrl —If* P«.«PPO... «h« ,«»r.ll»d «tto» nndnr- 
^rd «d dlLct. .,«d£tc .etici con»r..ly. .pecific 
f„t.,t«- if br»d.r <* ,»«««. *»» ,^i«.«iv« «-ly.es 

■ Jpu . ft- <*•» c«t^» «.t«, f r» »on g the 

of Individ,*.' «tton.. ««ly, . to— *~ 1*- "* 
itaL «,«-l«i.. * »d knowing" .* » e group of 

> cMldr.. fro. «ho« dU. ch.r.c«.ri» M«-td» di«.««« 
,o«ng« or .lit) poop, of child™. It 1. 1« thi. «h« «*. 

..Uctod «tloL .b«. f..t«r» or prop.r,i» in «— th* .«« » *- 

«« -.tog.." tf d-l^—t.. Mff«t«t hind, of .«.«» ".v. h«« 
. to «h coL.. of «^«xnc«l» in o*« .r« of hn»l^ hnlldlng. 

Such ,™iU. of thinking «. ..-..rily g-r.1. '» «— *»■ 
■ v ' uponth-. id! - b*.^.r «h.t oftonti-. oocnr in nnioo. «M-«~ 
» lB dividuU U. .« • - * ^ dl£ f tre,,tly • 

th. «-iy.t «U m-* * « " ,,,he "-" " 4 10dlViaMl 

diff««o« 1 «v«i..W *>* con.!*- th. l.t»r to «',«*. of le»« 

dividu.i chi^n dnvrfop thlr uhd.r.t.nding of — — «*•* 

r.pr«*cnt.tlon> thi. cm o. problottic. 

,« 4*1.. -ny Child™ b.m« th. .g.. of fiv. «d night int«- 
— in *!. .tudy .rt «. « dlfftr-t 1*» *> » 

„ .id.-by.id. f»hi». ..P.ciaiy in «.,«.. to 
concrnin. th. -»i-» of digit. »d _f*. th. co*in.tio» of id.» 
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that «»Wd (notably in Tasks 6d, 7d and 8) -de it difficult to cate- 
gorize these children into levels that epproached a useful degree of 

) <• ... 

specificity. 

The level, described la this study, and summarised in Appendix B, 
represent something of . compromi.e between the two deecriptive goals of 
compiling . record of children*, .pecific idee, andbehavior on the one 
hand, and deecribing the developmental couree of their knowledge building 
.-of number and numerical representation on the other. The levels are given 
in general term.: they signify the order in which hew abilities emerge in 
children; and they form a logical sequence. The specific notions that 
children used are rendered as "types" within level, and reflect the verbal 
ra.pon.es that children gave. Even at that, .ome children u.ed ideas from 
two or three level, a. they worked through T«ka 6d. 7d and 8 in particular. 

Cognitive Development: Humber and Grouping 

Ta.kl. Con.erv.tion of Elementary Humber (Plage t, 1941). 

Level 1. The child doe. not eetabli.h equivalence between two 
row. of objects. 

- „, , Th- (ihiid agt.bU.he. equivalence between two rows, 
UVe \i 2 ' Stherbyon^to-one^ 

However the child doe. not coneerve. 

Level 3." ThesAild e.tabli.he. equivalence between «» e 8 
Level 3. ™^ clUateg betwe en conserving and not conserving 

"numbeS. The child is inconsistent. 

Level 4. The child conserves number unequivocally. 

The level, for thi. ts* .re well estsblished end require no further 
elaboration. Fifty-eight percent of the four-year-olds were at Level 1 and 
6 0Z otthe five-year-olds achieved Level 2. Hhen these two age groups and 

- ,133 ' . \ 
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levels are combined, they account for 74% of the responses, that is, 7*% 

of the four- and five-yeer-olds could| not conserve number. In contrast, 

aU but a single subject among the six- through nine-year-olds (9K> con- 

•srved number unequivocally. among the subjects interviewed for this 

study, therefore, conservation was achieved by the age of six. 

Tssfc 2. Estsblishing Equality saong Unequal Collections. 

Level I. The child uses some non-numerical idea as the basis for 
■■king unequal collections "fair. 

Example: the child pushes the two collections together 
and .ays, "They (the animals) have to shsre." 

Level 2. The child hss sn intuition thet the collections 
■ the esse. But the child's notion is global? he has not 

differentieted between same numbers (numerical equality), 
eame appeersnce (spetiel errangement), etc. 

Example: the child says the collections have to be J** 

same, but he does not make them equal in number, 
or he makes the collections equal but cannot ex- 
plain why the result is "feir." 

Level 3. The child thinks that equality can be ••ts*ll»h«d In one or 
Level 4. ine en .ddlng two elements to the •■atter collection 

from the larger collection A (A • 4 and B - 4). 

Level 4. The child esteblishes squslity bstween the collections by * 
Level raem Collection A to .Collection B, , 

t^Lking two collections of five element, sac h.^ The 
. child may do this directly or he may have first made 

collections of four snd/or six objects each. 

The levels in this tssk reflecfthe following sequence of ideas . At 
* Level 1, s non-numericsl or qualitative notion (e.g., shoring) forms the 
basis of Judgment. At Level 2 some intuition of numericel equality is 
present, but it is not differentiated from other, non-numerical consider- 
ations (e.g., spstisl srrsngement of the object). AtUvel 3 the child 
believe, thet equality can be achieved by sdding two object, to the .mailer 
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„lUeti« and/or h, r^n. «>' *J«» «*« ^ CeUMti0n - " 
the hiptaet «-.«Mld virferaund. that ^ ( «« »' -* 10 0M 

larger collection to the •wallet one. 

*~ «v«-veer-olde then the firet teefe had 
Thie teek wee easier for the five-yeer oi« 

3 or 4. in contra.. .. ****** «ly*«* lWel »••?•*• 

^ Uri „, contributing £.c«or to th. rUetiv. .... «l«h -hi* *, ' 

ta»dl.d this t»h .~ed «• »• *• — * ""^ ^ 

for ,,-ntifyin. fltt «« -» " — "* ** 1 ** C0 " e "" 

„ch row). As «. «- *or ^ -« .« « - * 
atoe-ytnr-old. the highe.t l«wl. 

, Mk 3. Antidp.tin, Equality *.«..» »n.,u.l Colled™. «*~ Counting 
. . . . third teak M b« ,1— * C«-i- 1- f.c« edrfnietered, to t W 

. _ n «u»v»r btnuM of «*■» problems in- 
conceptual development In nuaher. ltoeever »eeeu.e 

the .dnini.tr.tioo of that taeh. the «—» «» 10 *** 

.tody. Aa otlgin.lly no»«i«d. th. «Mh had h«n daaigued to ... utather 
cMUren could inter a ».«..«, .,«.Uty *— ?- «• collection, uhich. 
at th. on«..t -ere ungual in one W .,.t th^nd v«e ungual in the oo- 
pert t. diction, hut Vhich ..». of rieceaaity. .,«.! et ~ — « in 

larg. eouection of hl.ch. ta- »> tad b '" 

„„ . „.u.r eoUection (n - approximately 1?) 
in front of one aninel, ano a 

• tad h«n pu«d in W cf . ~-< the letter collection re- 

^ touched during*.. «.*. "«* the child hed .greed thet «. .. 
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collection was larger than the other, ttfe Interviewer began removing blocks 
f roe the lerger collection, cne%-one,Naitil the coUo*t,ion which had in- 
itially been the larger, was clearly the smaller of the two. The child 
was then aeked whether there hed been "just one aoaent, Just one tine" 
whan the altered collection hed hed "Just as ■any" as the untouched collec- 
tion. The thrust of the task was to see whether the child could infer that 
one could not go fro. "wore" to "less" without passing through "the san^" 

or nunerical equality. 

two problems arose in the admlnistretlon of this task. The first had 
to do with the physical set-up of the task. The Interviewer pieced the 
removed blocks within easy reach of the child and, thus enabled him to ect 
on his temptetion to count the blocks. Once the child had begun to count, 
it was difficult to keep him from continuing with it. The second problem 
Involved a more serious shortcoming. For children who seemed curious but 
uncertain, the Interviewer did not have Ysecond, releted teak prepared 
which (a) might have enabled the child to explore the problem in another 
way, and (b) might have provided the Interviewer with a better means of 
probing for nuances in children^ thinking. When the child seemed per- 
plexed, there was little way for him or her to go beyond, "I'm not 
sure...: or "I think so, but..." By the> time these difficulties become 
apparent, it wee too late to change the procedure and justify the inclusion 

of the results in this study. 

The next time this taek is given, the following experiment is sug- 
gested as a possible eccompsniment (token from Mbrf , in Creco and Horf, 
1962). A collection of objects, either odd or even in number, is placed 
on a atralght-edge on a table/ The objects ere then dropped from the - 
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.trai.ht-.dg. to' th. floor, one-by-one. until th. collection on the floor 
1. clearly larger then the collection raining on the teble. The child ^ 
U then aakedif there had been one mm** in ti«e when the collections 
had faed exactly the .to* aaounta. Thi. t«k would .llow,the child to 
think through the nu«*ric.l relation, in . elightly different way. 

Xn the «anti«e, the implication, of the io.. of the data from 
Teak 3 are ..rioua, for the portion of thi. study which deal, with con- 
ceptual development remain, incoaplei. without them. There are no data 
which .peclficUy addr... childrJ. consejtu.1 development beyond the 
ag . B o£ , lx or .even, and we therefore have few clue, about the relation 
between conceptual development and difference, found in older children', 
reapou... regarding the weaning of n«er.l. (under.tanding the not.tional 

•yetemK .. 

Teak 4. Sock, and Pair. 

t™i i Th. child count, the whole collection of individual 
U Sck£ "one! wo, three, four, five, ate," or j'one. 

So- one! two; one, two." But question, concerning 

many aoci. v.! how man/ pair." are wit l 
• blank look, or talk about aome other topic. 

Level 2. The child treat, the - >*£ ' ' 

they were aynonyaa. She ueea me ■«« 
to identify each. , . 

E»»pl.: the child .ay* there ate "two, two, ( two"; 
"three paira 'tod three .ock»," or < aix 
pair, and aix aocka." 

i*v*l 3 The child counta the aock. (.ix) , counta the paira (three) , 
level 3. The JWLM^ ldM that there are aix aock. at the 

same time aa there are three paira. 
Sock, and fair. wa. th. .i-pla" of three teak, in which children 
«r. M ked to treat iudividu.1 object, to unit, and a. member, of aub.et. 



„.""»«.«»« »o Ac.U.«lo n o t .lx.ock. C «*.« ! o«.td«re 4 . 
„ „ tot(Mr of th. q^ntit, .1.; «h«n the .och. «. pUr.d <.ub..t. 
of t»> th. coll.ction can b. thought »f » «*r« mt.r-di.ry unit.. , 
tt. Uv.1. inthi. ch r.fl.ct <1) hn.wl.dg. th.t . "how W q-ttai. 
m „. «,i».r.d by MXI «) MU> «»t th. ,u«tion.. "how »r.y 
, ock ... Md "ho, P.i»" r.fr .. th. ... thing; »d (3) conviction 
th.t »thr.. P-r." «* "ci." r ? f« to th. nu«ric.l who!.. 

gaong th. four-y*»r-old», 27g gov. l*v«l 1 r«.pon»«. »nd 64* w«r« 
c.t..orl«d .t l.v.1 2, toong th. Uv.-,.«-.ld.. ». P«o.»t.g. of re- 
open... .hiftod t, « «d 77%. r„p.c«iv.ly. tn contr^t t. th... young« 
childr.n. .U but . '.ingl. child in th. oth.r .g. group. Wx thxongh nin.) 
„v. Uv.1 3 ».»«.. »y«h. He of .i«. th«.tor.. th. children in..r- 
^„.d for thi. «ud y Wn.pr.bf» .r.u,in g1 .ix6M.c.. i«» .»b..t S .f 
«... .nd u,«d two different ,ui.«ifi.t. to ipMta «« collection. 
Task 6». Grouping Wheels. .\ 

»■ r^fouST^^ 

2^.p«.« obJ.C. «»d •» not gro«p.d « .11. 

. ' ■ ^. , rrSS!^f'' no 

' ,?fort io groSp th. >h«U into .«w. 

grouped* 

L.V.! ,. Th. child group. .U of th. .!«.»« *»»•.«.. but th. 
set eise is wrong. 

to be the child»i image of • c.r fro* its .we 
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view" where only two wheels er* visible. 
Curiously enough, thwe children did not 

give up their idts of "twos" dtspits the 
fsct thst » toy cer with four wheels hed 
been used juat e feu aoaents before. — , 

* level 4. The child groups sll of the objects into nus*rlcslly correct 
sets (four wheels per csr). 

This portion of the Wheels and Csrs task involved children's ability 
to structure a totel of sixteen wheels into sets of four. It will be se- 
celled thst the children were first shown e coapleted Tinkertoy cer.. Its 
"four wheels were subsequently reaoved end edded to the collection of . twelve 
additional wheels, level 1 included those subjects who counted the four . 
wheels on the reedy-aade cer. but who did nothing with the edditionel twelve 
wheels, level 2 children grouped four of the twelve wheels ""Pli- 
cated" the model) but stopped after they hsd asde e single set. level 3 
children grouped ell of the wheels but Insisted on asking collections of 
two rether then four wheels > even though they knew v thet e cer needed four 
wheels, level 4 subjects grouped .11 of the objects Into sets of four. 

Children's performence in this grouping tesk produced some surprising 
results. Vhlle helf of the four-yeer-olde were at level 1, one-third of 
the group etteined level 4! Among the fiv.-y.sr-olds, the level ^responses 
doubled, reletlve to the youngest children, to two-third, of the totel re- 
sponses, ninety percent of the six- an* seven-yeer-olds reeched level 4, 
end es would be expected. 1002 of the eight- and nlne-yeer-olds were et 
level 4. 

The reletlve esse with which the younger children grouped a^many; 
as sixteen objecte into sets of f our wes unexpected. Even the younger 
children could, at the level of action, distribute objects "by fours." 
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But leet we impute too much significance to their ability to deal with 
n - 16 or essuae that they can "divide by 4,"\et us to on to consider 
the reeult. of the next grouping task, for the reeult. of thet task serve 
u a corrective to any auch notions. 
Task 7s. Grouping Gun. 

• * 

Laval 1. The child counts the gum in the opened ^»" on *! 1 S!» 
• three, four, five." The collection of thirteen sticks 

of gti, .tamr. reasin a. seperete object, and ere 
not grouped at all. 

2 The Child troups the gum for one set (peck) out of the 
t€Wl * SlrSen aSS, but leave, the remaining stick, un- 
grouped. 

, • Level 3. The child group, the gum [or Wrethen M^j^S'^ 
of the peck, that can be made with the twenty tnree 
,. .tick, of gum. 

Son. of th«« ehildr«n «U th. rouindcr. "ta" » P»ck- 
Ih. p. t»k «« .lli«r to th. t»k in th.t th. children wet. 

M k.« to «k« nnit. (.tick, of r») int. pack. (group, .f »«>• »« * e 
u.k. were diff.»»t in ..v.r.1 U> of "tek. «r. d.- 

lib.r.t.1, cko«n to ,i.ld »l.f t-ov«.» ot «t«-n4«.» <n - 13 for th. 
foar ^.«-.ld. .nd .o- of th. child»n .god fiv.. tod » - 23 for th. «s« 
of th. .ubj.e«), (» th. group. «» -do «P •* *» f0UI ' 

ob 3 .c; (3) th. phy.ic.1. «piric.l -«ni»g of four «h..l. «.. undoubtedly 
«.i.r to gr«p; «d <« th. "grouping" ,u»tion. for th. old.r ehildr«.. 
«. pb«..d to .ugg..t » «tion eonpLtod in th. p..t »th.r th*. on. th.t 
m b^cforth to b. dono. In th. *«U ««k. th. ohild «. «k.d. "How 
„ny «r. «. « -k. with ai of tho.. oh..!.*" m th. r» «*. •»« «« 
..led. "How »ny p.ek. did I h.«to op.n to got .11 of th.t gun?" It 
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„ f «, *M « ■*» ,.» ««ur. out ho» «ny ^ « »uld „b. *• 
that audi p»t" 

• ,..« diff^ «. Mihu»ht.d b.=.». <*• «" flw - 

„.r-old.. th. rn.lt. of a. «e» «* «« fW ° *"* ln 

*. m ««.«. «-« .« » a -r-^*— ivtn 

th. t»b d.cU«d b, 33X-d 27*. WM» * »*« 
^ u f o»r-,..r-old.. »d u »th.r *» » «^r-«W. trUd «h. 
,„ «*. Of th. fo«-n.«ld. «* «*« " k — 3 
or * <«» with n«»t-««.. *» ««- tt«^t ■•-—»• T* 

... ... „_ .eor.a lt vml3«a 27X .ehi.wd M»l *• 

the fiv«-y»»r-old», IS* «*« »cor«u »■. 

To... r-ul«. pr...ot . .h.rp co.tr«« with th. .MUtU. «r.«d 

* T»b 6. ~- 33* of th. *U*- «*« « *" <hlldreB 
, t .d ft«. r»cb.d th. M*-« U«l. Ib. four *«- *»» 

p . ck , ; „ d ,«..«!». -out — .«!«-). ln 
.ccount. for th. «ff.r«c. ib .roup perform.. 



Dev.lop-ent.1 Level, in Sytfcolic Repression 

'j 

leek 5. Drawing Stick*. 

1*1.11. The child .eke. «o*e kind of . drewing. 

or an animal. 
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& £.«5t«P«.ti<» .««« to. ,»b-c.«.ctlons 
of stleki. 

Uv.1 i. tta child «k» «.»« „p«.t« dr«ahg. £.r the thre. ,• 
•XTingutnt. of »***»• 



4 shifts the aode of representation with- 

with two numerals, 5 and 1. 
Type B. The child product .drawings in wWch * e^.^ 

reproduce the sub-collections. 
, Hbte- the child use. one or some combination of 
2. iolEwing «.n. to .how if^SSZ^' 
■ spatial separation, change of color , 

■ . boundary figure, different in aise .from the rest. 

than one, two, or three a ticks.. 

Level A. m *u- *». «*h ^.g^SfSUS^ St^ 

Sl the MM."- b«w 
' d*ii* «MMr« t. W» .i* .tic*. .r»ng.d in ««.«»« 

« «* «* - ~> «• «*"— * ~" iwd " '* 

,„«. in th. r«p.c,i« .rm.. - <» «*»« * 

dr-m. ThU .„ th. fir., of «hr.. t-h. in thildt- «« "»* » 

«k. drawing.. «d •«« «-ntid,.t.d concern. «erg.d. 



0 
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r« ot t». «hiidr«. th. dt»i»t. ts«-.i™. »««« <** 

.tt«tion, -hi.. W *pU». «^***" " d Ut « W " r "" 

^ .f «». ..icu -d ^ .£ g-. " think - 

in, throu* th. «!. «« * *• 

.MMr*, (four- »d MnhMI V - *»*•««*••» 

po^icl. .tick.. ood other o M «.., r.th.r «h» 4r»ing *• Hp»M. 

Troclng U one t«hni,«. for reducing fignr.. «* ««•. 

t». r.l, on it for t-h. .hot «- «d 

^. .loo. »n «hi«ve (..... ^ • •* «" *»* S " te,> - ln retI °- 

„«« «h. c*.i« .£ , *« ^ tci * " icta w — - ; 

h . ve „«„ ..«« ft. > .t^dPOtot of .... of drying for «. - 
•ge group. 

cider ohildr.n «»«- - *~ ""^ 

. W .r«« in th. .beer m*m*. of «* dr«lngo they -d«. -»; 
in th. o«. -th -hich m, ottondod to *.t«iU (...... oolorod Ugh,. — 

. polio. «r in tMk ». or th. l.««ri«g on th. *. In .«(»>, 

In th. .ix .tic*. «»*. . ootPtloln. n-t* of oldor «hiid«n «d. th. 
t „h n»ch .or. c«pl« *- W ta- ln«nd.d. They ^ *"* - *» 4 

' / . \ "" " * 

can be •een in Append!* A. ^ 
MM. i» T«h 5 rofloot both th. .ynbolic r.pr.«»t.«i.» »d 
*. co^.ri.0 conpon.nt. of th. t»U. U»* 1 ohildron »d. .on. hind 
Of . dr»in, hut did not „p««nt th. fir. t «d did not go 

c4 Brt ,. dr„in. of th. n«t nrr»g«-nt of .«*«*.. *h«.for. «ho o»- 
p«i.on ou..«ion («»om on. Of «h. drying. h«. nor. A. m ot th. 
»,»«.»»> oonld not ». ..k.d. Uv.1 2 ohild»n did -k. thr» .^«.« 
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«...., l««th of . li~> » — . W-* «»nr» difte-t toi ** 

..•■« .MUr«n node accurate replica! of the «up- 
conp.rl.on queetlon. level 3 children ■»«. eccu 

. ... «.....« aub-collectione tethet then whole.; end 

collecttone hot .competed eeperere .no-™* 

a -v. „.« c tive wholes. A reprwentetive eample 
Level * eubiecte coopered the respective wnoaee 

of the children', dtwlng. 1" »• ta Appendix A. 

Pifty-*ght p.tc«t of the tonr-v.et-.ld. dtew In . level 1 *— .. 
„. » of th» drev,ln . Ml 2 *-«• «* the die- 

*ih.tion - 31* In -eh of the «t.t t» level., hut ..other 31* were 
.ooted et the high... lev*. The **-*.«-.«. were dl.trlhut.d 
^a. 2, 3 - 4, with 22* .t level 2. 33X .t level 3, end 44* « *-» *• 
.e^end-i^-peer-old., font <!«> produced other « ^ » 

(thw « «o« Idee in « «het h* nothing to do # th the 

wk) . one hundred percent .* the nlne-peer-old. were .cored et lev.! 4. 
». togethet. .9* .1 the thtough nlne^et-old. were .cored et 

livel A. • 

The .ix .rich. t»h ». ueefnl in decerning the Unit, of Urn- 
^ Ove-yeer-old.' .y*olle repreeenfUonal .hillti.., hot .hove the 
... of the „* - to. .1*1. to he Of int«r..t . the older children 
enured the t«h to he .111,. « thought thet the Interviewer we, 
for .0- thin, fet note conpllceted thm .he «••• 
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Task ft. ° Sysbolising Wheels. 

Level 1. The child represents an object as such, and not a quantity 
of objects. 

Ixanple: the child draws a car or a truck and Ignores the 
request to draw mounts of wheels. 

Uvel 2. The child draws a quantity of objects. 

Type A. The child draws nany wheels, or an spproxiination 
of the ungroupad numerosity of the whole. 

Type B. The child draws one or two sets of wheels. 

Level 3. The child represents, the numerosity of the whole. In 
' the process of drawing, however, f he J^*™***- 

- jects into eonething else (e.g^ ^ u 2* r !i J** ' 
rabbit and a dog"). Thus she abandons the idea of . 

"groups of four." ' - ' • 

Note: the shifting of ideaa nidstrean locate, how 
f resile the quantitative idea is (a whole of 
sixteen, and within that whole, sub-collections 
or sets of four). 

t^«i k The child represents the nunerosity of the whole (sixteen 
Objects) » well as .ub-coliections or groups of four- 
The sett Vindicated in one or a eonbination of the 
SuowSg^aV. " color (a differs color for each of 
£?gl£»p. of four) . Ip.ti.1 jrouping (.ctj^ur^ 
drawn on different areas of the paper) , boundary lines 
"tees indicating the separation of the vhole^into 
groups of four), and labeling (nuaerals and/or written 
* \ words to identify the groups?. 

\ After children had worked with the Tinkertoy wheels, they were asked 
toWke a drawing of the wheels so that$"eoneone who cane along and looked 
.t it" could tell that there were as .any wheels as there were, and that 
four car. could be outfitted with than. level 1 children drew an object 
„ such , uaually a car or a truck, and ignored the Interviewer's specific 
request for "a drawing of the Wheels." They represented an object, one 

final product, rather than a quantity of objects. (See Appendix A for an 



*,»«t W .f *!»«.. tat th., ««n«d to » «ngr,»P.d .ultipliclty of 

AMI. <« fegn* •»«■*■«*» of *• * eU *** " M * rrly • 4 ** " 

„ th. hheWOIM with ««.,!.. thu. living »«o .p.o."> .r on. 

„.«,. «t. p£ ..end ..t b.ing prodo«d .£«« • g»d d«l of 

prodding from the Xnt«rvi«w«r) . 

U«i 3 »pr«««. . o* ».pon... «h.« -»« *- *«*•*'• 

1... of «h.lr origin pd.' or put dlff.r«tly. from their inability to 
crry » Id., through fr« b.ginni»g « «d- All of th.« chlldr.» dr« 
one ... .f four dt th. Out..t, but In proc«. of ..king «h.ir 

..cond or third ..t, «h«y".ll.«d «>- » «»t.r Int. th.lr 

Mi Which dlv.r..d th« fr« thd origl»l t»k (..,.. »«.,. thdt look. 

Mk. . r.bbl«.» or »Thb« .«•>-*«««•. I **• t " ,t " ) - 17 

tt. „. could not r.«ll A« U «» th.t *« h.d .t««.d out to 

I« «« « if th.tr l.ck of . firm ootloo of "four *h«l. «* four 
group." 11o«d «h» to «i«»y fro th. t»k.« I. contr««. I—l * cnil- 
dr» «,r...»«.d both th. nu.ro.lr, of th. *oi. (.!««" obJ.c«.) .»d 
th. nub-coll.ctl.«. (..» of foi*). *h.y «..d on. or . co*i«.tlon of 

following gr.,hlo .-PPort.* btttera — """i 

tlon.; bouod.ry 11«. .round .roup, of .Jour; dlff.«n« color, for 
th. «t. of 1A..1.: «d Ub.ll»g with «ord. «nd MMdi; 

Hor. th.n talf of th. fo«r- y ..r-old. »«« « t-el 1 in thl. t»k, 

m .. M a. «d •» child r»ch.d u»i .*. t». Potions 

„r. rh. »«». for th. fiv^r-old.: ohUd «» .t Uv.1 1. 

m -r. .. U«l 2. »d 1-o.t hUf (*«) «-*- ^ 1 *• *"* ** 
.ix-,..r-old., ««mth «r. .« t«*i 2. m W-l proportion wor. .t . 
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«r. « * *«id«d «o^«h«r » e.XXepi.d M« «»up.. 

wth ird of the 2* four- «d «U»*»*U* «« ««t.rU- « 1. 
, u«*er ver. .t Level 2. . .mgi. «htX4 ». .» U«l 3. — *« 

^ vel 2> „ (t vo children) «« « U*l 3, »d 7W «..««« . 
XeveX. Of the 24 1«ht- end — Il*** two children «er. 
ccegorired .t the W**t Uv.1 (922) . In... .reeuXt, 1— » * *~ 
. .id.r.d elonMide «h. r«uU. .2 the r» - * i. to -+m . 
that we now turn our attention. 

Task 7b. Syaboll.ing Gum. 5 , 

«MM«inti an object aa audi, and not a 
Level 1. The child ™o?lx**pl*> ** child draws 
quantity of object., ror .» between 

Sne or two .tick, of gum «nj vacllla^i J™", 
Identifying the objecta aa "atlcka and pacw. 

Level 2. The child drawa a quantity of object.. 

of the whole. 

Type B. The child draw. the. .tick, for one or two 
pack, of gun. 

but not both* 

iver," or tour ?«*• end three .tieta. 
. b,. 1^ for .vau.«lng ohiXdr..'. dr^o*. !» th. nek. of G- 

are the .« « *». *« »-»• -* c "» 4i,M " 4 * b0Ve - ^ 
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reader should be remanded that fever children (particularly four- to «ix- 
year-old.) collated thta task than vaa the case for Taek fib. When the 
result, of the two, tasks are cohered, it become evident thet the four- 
through ei*-year-old. responded differently than the .even- through nine- 
year-olds. 

ssoug the four-year-olds who triad the gum t..k (two-thirds of the 
.ample). 25Z were scored at Level 1 and 63Z at Level 2. A single child 
.reached Level 3. Among the five-year-old. (again two-third, of the 
sample) , the distribution was 10Z et Uv.l l, 40Z at Level 2. 30Z at 
Level 3. and 20Z at Level A. Of the six-year-old. (83Z of the sample), T 
the proportion, changed to 30Z at Level 2. 30Z at Level 3. and AOZ at 
Level 4. The percentage, for collapsed age group, were a. follows. Of 
the four- and flve-yeer-olds. one-sixth or 17Z were et Level 1. SOZ were 
st Level 2. 22Z at Level 3. and 11Z (two subjects) at Level 4. For the 
26 six- and sevenryear-olds. 15Z were at Level 2. 1?Z at Level 3, and 65Z 
st Level. 4. Among the 24 eight- and nin-yeer-old... all but a .ingle 
subject were categorized at the highest level (96Z). 

Four point, need to be made about these results. First. Task 7 wss 
harder than Task 6 for reasons discussed earlier: there were remainders; 
the group aize was five rather than four; and the child we. asked et the 
outset to imagine action, completed in the past. Beceuse it we. swkward 
to ask the younger children to draw something they had not seen, they 
were in fact asked for a drawing of the amount, they bed worked with.. 

Second, for the four- and five-year-olds, m - 13 was tantamount to 
-beaucoup," even though many of them bed counted thet many .ticks of gum 
with apparent aa... H • 23 was too large for the youngest children and 
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«^«bU for b»« not *U .ix-yr .Id.; T™»ty-.hr.. «. .till 

. *« — of «i» W • but " Urge 

*!. to -k. • of th.t W .tlck. »d to r. P r..«ot th. 

objects M grouped qu«ntitl«». 

. third. ,o~ of th. .1... child*-. «r« »!. t. U.m ft- th. «U« 
«k »d .ho™d fg*~_t In «h.ir level .f p«f.r-np« » the 
^ „.* Hc«™r th.r. i. . -W decline <26» In th. proportion of 
««- »d .IWld. uho ««h.d L«v.l *. ft* 7b - ol.«ly -* « 
aifftoa. for th. four- y ..r-old. to .».».. ~d 1« « q*« »«d for -.t 
of th. fiv^r-old. .. «U. Th. dl.tribu.i~ of .~ 

(30X .« UV- 2. 30X .. U*l 3. - «« « *> *" *' 

«„h Ight be ...ful «u. «or«hy of ,r«plic.tio. — ■ childr.n .g.d .i» 

years and older* 

Fourth. «n« th. .even- through nine-ye.r-old.. children', drying 

X^U on th. g- »*— * «"» ~ 4 * ^ — I "° 

of th. ,^-r-old.. »d ... nin^-r-old he. .or. difficult, with 
t„k 7b th.n T«k 6b. but for th. «.t P«t th. r..«lt. ««. .«bU- _ 
thi. for- ,uit. . diff.r»t pictur. th» th. on. f.r*d by th. younger 

age group* 

Task 9. Harblet. * 

th. -rbl. t» «. *«" «* th " «"»**•»-» » «* 

„4 by th.t ,ol»t -»y childr.. »i«.t «»«.d to pUy" - -? 
,»t.rvi«.r to do th. .cording. <J-« «h«. ohildr... «« ^ 
„ 1 uct.nt to try to !««.« . — ^ - ^« 
,» t ».t of th» «r. ...ting tir.d - .i-ply .-»«d to pUy- «« f.U«- 
. ing i. . li.t .f «thod. «ploy.d by th. child«n *ho did k..p .core, but 
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a.W c«»rtt 0 « >«!..- I. «. tt«r-tl»8 th.t b. child 

9 

of recording "aero. 



\ 

larl 

aero) . 

(i.e., A for 1, B for 2, C for 3, and 



Type 1. Tally .ark. (no neceeeity for writing anything down for 



Type 2. Alphabetic |ettere 
to forth). X 



each ahot. \ 



Developmental Levele in Conventional Repreeentetion 
Taaka 6e. 7e and 8. Writing Numerale. 

one mark underneath each object drawn. 

. ~ ..v.. m Urk eonroximating the ahape of the 

Level 2. The child aakee a gark •W ro ~ g ^ r em*rke aa, "A 
number-equiggle. He of^^mm j ^ e 

five, that'a a backwarda two, or That a now 
e aii," aa he write* the aquigglea. 

Examples: for 3; Uor 5; for 6; for 7 



, , «. wk«ij u i c> the conventional nark (appropriate ahape) 
UVel 3 ' for Sat .Sgte-Sgf^rela; two-digit numeral, are 
often inverted. 

I * ..... . - 

.6; "21" for 12. 

conventional marke for all numerals.. 



Examples * "61** for 
level A. The child writes the 



150 



reflect tb. following of .couleition: (1) knowledge ttot • 

„ch obJ«ct repreeeoced onp.per 1. id.ntifi.d 1* . .p.ci«c «*« n». 
art .« kind of . di.ct.«. «k» (2) • «««... of th« .h. P « —d to 
,.pr«.nt — . growing f.cility 1* -ekingtho.. .tapes 

on p.p«! <3i » «MUty t6 «k< th. conv.n.ion.1 «rk. for .ingl. digit 

but eonfo.ion ov.r th. ord.t in which to writ, th. two -ouiggle. 
f.r »«*«. gr..t.r then oin.; .nd «> » «oility » «*• *• ^"> tl< "" 1 
.ank. for two- *nd thr..-digit «M»2a in th.ir corr.ct ord.r. 

On.-tl.ird of th. f.ur-y«.r-old. «r. « Uwl 1; they were th. only 
childr.n in th. «tir. uvU -ho could not writ. eny ou-er.1.. Fifty 
.ight percent of th. f.«r-y.«-old. «d A62 of the fiv. r ye.r-.ld. w.re in 
th. pro«.. of l«ming howt. -k. th. . P .cific .,ui,gl«. • *» 
MX of the fiv^y-r-old. w.re ,uit. pr.fici.nt in -king 11 nine digit. 
„ lth only „ .cciontf l»PO» «d w.r. .co«d .t l.v.1 3. Hon. of th. 
font- or five-y-r-old. taw how to -k. two-digit nnn.r.1. without help. 
Fifty-Ugh. ,««nt of th. .i.-y.K-old. «.r. 1.o .t level 3. nd the 
,.»ining 42% ««. ebl. to writ, two-digit nu»r.l.. Eighty-right percent 
of th. .ev.n-y..r-old.. end 1002 of th. eight- .nd nin.-ye.r-.ld. were 
....gori»d .t L.v.1 *. «h.n eg. g,ro«P. «•» »lUp..d. th." following per 
e.n«.g« were found, taong th. 23 f our, «d fi,«-y..r-old.. 162 ..re 
C.g,rir.d .. l.v.1 1. 522 Level 2. S „d 322 « L.v.1 3. Hone of these 
child... .ppro.ch.d Level *. Of the 29 .i«- end .«.n-y.«-old,. no on. 
m ., L.v.1 1 «d 0.1, . .ingl. child .« « L.v.1 2. Tw.nty-.ight P«- 
cnt of the .ubj.ct. were .t Level 3 »d 692 .t l.v.1 4. On. hundred per- 
cent of th. .ight- eod mn.-y«r-.ld. w.r. cfgorieed « Uvl 4. 
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It i» noteworthy thmt children who .re .iwult.ne<(u»ly acquiring the* , 
alphabetic writing I7.t« .pont.ntou.ly r«tk on the .ill.rity between f 
•a 8 and. 5, a B and an £, a£.nda4, or an B and , and 3. The.e 
kind, of coap.ri.on. illu.tr.te children*. ..arch for way. to make the 
element, of both the alph.betie .nd nautical repreaenftional ^.teas , 

s«siibl# ton £h*** ^ * 

Su*>ng,th* five- .nd .i^y«.r-old., "reverwl." in writing two-digit 
»«arala were the rule rather than ttt exception, for the "teen" nuaber. 
that, i. »ple r...on for thi. .t.te of .ff.ir.: one h..r. the .ound ".ix" 
before the root "teen," .nd our left-right order of recording .pollen words 
(r..ding) .upport. thi. arror. Inter«.tingly enough aaong the pre-readers, 
til. question "which aide doe. the 1 go on" for 10 .nd 12, wa. rai.ed a. 
often as it «u for the "teen" word.. * 

T «, k 6d . interpreting, or Aligning Meaning to Digit. «id Huner.1.. 

Level 1. KuA.r-.quiggle. .re graphic mark, that .re linked to 
the objects on which they, .re found <F. Siegri»t Kid 
A. Sinclair, re.e.rch in progre..). 

Type A. Nuab.r-.quiggle. .re "naning label.." 

Example: 4 6, ..y. car" or 2 is "Channel 2." 

Type B. Huaber-.quiggle. crry "functional ae. sages." 

Exanple: "they*re for thing, you buy" or 0 
(sero) i. "for blast-off." 

Type C. Nuafcer-.quiggle. h.ve no direct rel.tion to any- 
W thing written or repre.ented on the ^paper. The 
< child aight circle thing. because the If «f* ewer 

circled thing, (.lbeit their nuaber-.quiggles> . 

Level 2. Single-digit nu*er-.quiggle.^ 

«ther P M 
Screen numeral, end repre.ented object., the child .eems 
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to use some ^ of . SS^oStncoa 
taBM squiggles «nd oth « *gS^*SoSn qusnti- • 
are for the most P*rt "ZSSSSSfltu 
tstive notions »r* occasionally mi»a • 

. - . -v 41<1 saves a correspondence between the 
objects. 

Type B. the child ' 
TSSTSStt^^ Z~ is Known. 

- ' .i£W^ 

year, old/' or "I we. four before I 
SI five." The connection between the 
rind four wheels, drewn by the child 
jutt moment. Wore, is not made. 

The child makes a correspondence J^*** 0 *! • 



Type C. 



Type D. 



Level 3. 



_ .... - correspondence between identic^ 

mark to signify seme amounts). 

cgn .t«nd for confusion end 

idla. operate at the ■^ U ^ t £S2 °?hat single- *nd 
inconsistency of responses. J^S^SumM (cardinality) 

ron.^»n.^ dlfferen " 

tinted, one from the other, 
ports. 

The object. drawn can banned to e^ques- 
tion, but they csnnot serve as s rater, 
answer the second question. , 



Type C. 
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baplt: The \hild draws a li»« «ound six ob- 
Uctsfpr 16, but can consider only 
\ the reiSuing ttn objects when asked 
•bout 16. \ 

values." 

Example: the 6 in 16 means the sixth wheel? or 

the whole numeral 16 wane the sixteenth 
, Wheel. 

Type E. In the proceea of searching for Minings 
W separate digits of a two-digit numeral, the units 
of meaning" or "referents" change. 

Example: the 6 in 16 refers to six wheels, butjthe 
BX-npAe ' 1 in 16 «eans one car (i.e., six of .some- 
thing and one of something else) . 

Type F. The operation of addition is applied to the digits 
making up a two-digit numeral. 

Example: the 1 in 16 means one wheel, the 6 in 16 
means six wheels, and the whole numeral 
means "one and six is seven. 

Type G. The shape of the graphic mark is selected as the 
focus of meaning. 

Example: the child makes > figurative corwond- 
ence between the shapes of the. numerals 
(1 is "like a line" and 6 is "like a 
circle") and other things drawn on the 
paper, alternatively! circles drawn 
around the number-squiggles result in 
. products that "look like a wheel or a 
machine. 4 ' 

ism. H A numerical correspondence is made between one, 
H * both, of the written parts of a two-digit 

; numeral and objects • 

Example: the 1 in 16 means ten, but_ the 6 in 16 
means nothing at alls or the 6 signifies 
six objects, but the 1 means nothing. 



154 



148. 



I« n.lth.r cm« *« th. child • •»« » - — £ „ M « ct .) 
of no concern. < 

! tn 16 .«»U for .«. of on.. «4 • « ««. 
«*t. of •!« obioetn. 

Tuk 8. th«^difit> »^»* a. digit* 

d.t«*n.4 *y th. " thl. £5£.fndlng of 

ss-js ss^s iCts. .* *~ «-* u ' cro - 

•tructed ideas: 

(.) MriJi' ««U - 1 in 1* .t»d. for t.n *.c.« « * 
written In th. t*ni pl»c«. 

„, -.rMhol. wUtlon. - 1 i" » »»»*' £or 

" <b> tTo.cfu.rnx »d «n .ad up to .lxt«n. 

(c) Howie.** - 1 '» " "» a ' £ " - WC "" e 1 " l ° 
equals t«u 

una .« u - *~ 

M th. — ins".* «- — * - «"< ^ 

thinh th« «« - — J;*' 

c.„). to -* - **- " ™ -beM " e ,en ' 

.In.. ri.ht ... hU.t .«..»,. ot « W «- .1 . .unction.! ^ 
W« lot thin., to One-thltdo* th. 

f „ tM. « — - «■-* » " &ieet - try to 7 

.« hind .1 c«r..P«d.nc. h.t».«. th. 

^ .x.. - th.it — — — • -J* 
^t. « H-tiv. m -tut., - u-y «. .t 
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of . Etching »<W or Etching .trotogy." The corre. P ondence. in- 
clude (.) .«e color (blue •quiggle. and blue wh.el.), (b) •« 
•no (four Whool. and four y.ar old), .ame waggle (the .erne numeral 
written .omewhere el.e on the p. P er). end (d) .ome other number-.quiggle.. 
Forty-two percent of the four-y..r-old. end 31X of the five-ye.r-olds re- 
sponded with one of the above "■etchee." 

The next level (one he.lt.te. to even call it . level), or collection 
of idea. con.i.t. of.. ..rie. of b.lief. th.t compete with .trictly quanti- 
tative notion.. Th..e belief, .erve to confu.e the child and lead him to . 
reapond. now with appropriate (numeric.1) . and now with inappropriate 
(non-numerical) «»wer.. For th^e children the- notion that "two-digit 
numeral, refer to the c.rdin.1 value of a drawn collection" i. one among 
.everal idea, that are not fully differentiated, one from the other. The 
non-numerical id... .re a. follow.: . (A) if two-digit numer.1. are dia- 
.ected into their con.tituent digit., the number di..p P e.r.; (B) both 
the individual digit, and the whole two-digit numeral refer to the ..me 
quantity; fc) one of the two digit, can refer to the number of objects 
represented but the whole numeral cannot; (D) number-.quiggle. label 
..p.r.te object, in . collection, but they do not simultaneously .ignify 
cardinal v.l«e (i.e.. they .re ordin.^Ubel. for individual object, in 
a .equence of object.); (E) the two digit, can have totally, different 
referent.; (6) one of the arithmetic opera/ion. i. impced upon the digits, 
or an idea .uch a. "odd and ^«mber> i. P«t forth; and (H) a numerical 
T corre.pcmdenceVpoa.me between one. but not both of the digit, and the 
object.. Twenty-five percent of the four-year-old,. 621 of the five-year- * 
old.. 36* of the .i*-y..r-old.. 311 of .the .even-year-olda, «d . .ingle 
nine-year-old were ct.gori.eU a. rcponding in • Level 3 way: 
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At Level 4 individual digits, whether they stand alone or in combina- 
tion aa multi-digit numerale. afe eoneiarentlz treated to one of two ways: 
as if they were numerals in their own rights or as if they were meant to 
•ignify aets of up to nine objecta each. What ia faulty with this other- 
wise reasonable theory is thet thequaltitie. thus signified never equal 
the numerical whole (Type A), or only Lqual the whole when thet number 
happens to be equally divisible by theTnu2>er suggested by the digit (Type 
B). It is evident thet in either caseA the child does not sense a neces- 
emry relation between the numerical perls and the numerical whole being 
represented. Fifty-five percent of the iix-year-olds, 562 of the aeven- 
yeerrolds, 821 of the eight-year-olds, i 

were categorised in level 4. Hone of tjhe tour- or five-yeer-olds were 
at Level 4* 

As implied above, the critical dif Iference between Level 4 end Level 5 
.object. 1. thet the letter under.t.nd L numericl pert-whole relations 
implied' in place values the digit. stanUor quantitie. that together 
■eke up the numerical whole signified by Vhe multi-digit numeral. They 
have gone beyond learning the not.tion.1 rile thet a digit written to th'e 
tens place (the second position to the lefAof.the decimal point) stands 
for . decadal number. While none of tie children interviewed for this 
study had any familiarity with powers Of tenl some of them were able to 
apply their knowledge of . multiplication to eipleto thet "two times ten 
' i. twenty, two tens are twenty." Two out of .toteen%ev.n-y.«-olds. two 
our ot eleven eight-year-old. (18%). and fivi out of twenve nine-year-olds 
(422) achieved the highest level. 
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of 25 »d *«-,.«-.«. «•» — " l ' ** " W 2> " 4 

MI . t UV.X ,. . Ho. .f «h.» *«— * 01 * * " 

U«l 3, 33X «re .t I~* *. X « <- chlldr.n> .«.l»ed «h. highest 

- t either of the two lowest 
level. For the oldeet group, no children were et e«n 

^ , , * A« «.re et level 4, end 30% Mere 

level., e .Ingle child «» »t level 3, 65Z were .t u 

et level 5. 

level x Age Awlyee. 
1-10 Cee A^-dix C, -n«l» the t«uU. .* ft, l~» - 

... ot «h. t.*.. th. — «huar« — 

■ , rx T, c .lcul»ted for collated 

Cr^r'. .t.tl.tle (v - ^-g. (e . i7 ) 

... group.. 1. H™» *« "* "» U (Ctmer ' l9Wl ' 
All of the reiult. of the cnx »4"" 

.ignlfiemt .t th. .001 level, the _ , 

« .. .... ' Taa of th. tlve cognitive 

to lnt.rpt.«. «. high for «y .* «he«e d.». If* 

^oed V. th.t..« .300 « -f «» 7 ta6 

«„ur. .f «.ocl.tlon <v - .391). . ^. 

•jh. ^1,.!. of th. «h..e r h.,«..d «. Wfa- 
t ^n„«on.l *Oiti« oetted .light* -*er — « ~ " 



level only." of Teak 5 (ropraaonting .1. .tick, to different apatial 
•w«g-«t.) TfWd . v of .499 <a.e MM* A) . T..k 6b (avmboliz- 
ia, group.d im.olo) o v of .474 (too Toblo 6). 

The re.ult. of the ccmventional notation* teak, were oollopood fro» 
th.out.ot. Children', yrltlna of numeral, in Taak. 6c. 7c. and 8 were 
evaluated and .cored ae . whole (T.ble 1) . « wu thai* J^SE flSS^BB 
to the nu~r.l. in T.ak. 6d. 7d. and 8 (T.ble 10). The «e..ure. of *~ 
.ocUtien for both of the., .et. of dot. were *ov. .500. Table 4 
■arises the within t*.k level x .ge analyaea. 

Taak 

Nunber (T.ble 1) 

Establishing Equality 
aaong Unequsl Col- 
lections (Table 2) 

Sock, and Palra 
(Table 3) 

Six Sticka (Table 4) 

Grouping Wheela in Acti< 
(Table 5) 

Symbolizing Wheela 
(Table 6) 

Grouping Gum in Action 
(Table .7 ) 

Symbolizing Gun 
(Table .8 .) 

Writing Numerala 
(Tabic .?".) 

Aaalgnlng Meaning to 
Mumerele (Table 10) 

Table .4. Summary of level* ag. ansly... *» r M < Mk * 
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Chi aquare ( %*) , 


Level (p) 


Cramer's 


54.34, df - 6 1 


.001 1 


.583 


48.47, df - 6 

■? r 1 


.001 


.550 


V 

56.02, df - 4 


.001 


.619 


35.39,- df -6 


.001 


.499 


24.51, df * 6 

u 




.391 


34.55, df - 6 


.001 


.474 


52.74, *uf - 6 


.001 


.614 


36.99, df » 6 


.001 


.522 


66.67, df - 6 


° .001 


.671 


129.26, df - 8 _ 


1 .001 


.587 
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»tt conclud.. tta d-ert**. of tod^«d ^ £or the t,,kS 
UMi to thin «ud y . To... r.«lM wOl fox. t* b..U for «- «t Ph..e 
.f «.t. * th. ««-« * — »•* ofthobyp- 

tbMlx- rUotica.. ***** 1- m«« 10. Bofo« P»«-** ** «"* 

of .fit. - - *« '""^ M1 ° £ ^ ' 

OOfe. «« cnorto- W *« I-* «. » 

toot ..teg.rlx.ti- - bM- upon «tt .,P~roa «. W thrfr d «in»t 
«r... .««.! t..*n m P«« « coining of eMMron' » notlooo 

«to . .*gi. — -r — *- * — " f " m "" ,h * £0,Ml 

vantM. Bo»»« thU "forcing" of the o.t. ft. exclusive Cegorios 
„. ta other finding. «hicb k fct. — »■-» e ^ 
«... Wp-»t 1*1. r..p«t to bnowl-g. riding .*« digit, .nd 

numerals can mean. 

^ tb . r .„lt* fox «ch ehttd «. o«.ld«od in their «tlr« y , 
.^picture chUdren dlf f «- * the -M. * 

ld„. tb.,. «P»...o in the cr« of «g«m» * «— • *» 

p . ttern . .erged .. of - "*« 

„ B t « childrw In too «- ««-. «*- * f~r-,«r-.ld S 

^ nine-yer-dd., .«*- to «p.-» f -fife «« <*» " T 

...4 M .1 ««ki and object a drawn. Eighty- 
relationship between the notatlonal merits ana o*j 

i4- .Vri «Z of the nine-year-olds, gave a tingle 
three of the four-year-old a, and 67Z ot 

, • Mlv A5% of the five- through eight-year- . 

interpretation. In contrast, only m <« 

CM. «i«h . .IngU * They «r. -« » *>" 

Furt her»ore th... children „r. 1... wiUing to Cegorlcl rt .ta.«» 
.bout which among their ideas was a better one. 



Th. ,.««» i. e-ctn- «*» th. W«e« •* «" 4 b * 

ehildr«. «h.th.r .togl* « to «-M«t*», 1- th. v.*tou. t,*.. the 
£«r- «nd flv*-T~<-U.' id-. «•« confined t. U»«l- X. 2 »nd 3: the 
hoik of the fo»r-^«-.ld. «pt..«d K»el 1 «d Level 2 Me... while . 
the v... -joxtoy of f iv.-n«-old. uMd level 2 «>d level 3 toe... 
,h. .in- .nd .even-yeet-old. ««" «•«»«* « ■»"»* 3 "* 117,1 * n0ti ° n! ' ! 

the .to-y-r-old. iW 3 to». ptei-inted. ** »•>* «» •— 
,„r-.ld.. MiXUnlt notion. .PP— to ^ «•««.. sl * «* 
the .toteen .««.-,.«-.*. .t 1«« «ntion.d .»« .-P«« of ptoce v.l»e 

„r "tvo t«.« hot. . „«tto.ti« tel.tton.hto to the m»h« of .Meet. 

drawn. ■ f j 

• With th. «tn«ton of . .togl. child, the eight- «d ntoe-ye.r-.ld. 
o.ed »eto.toel y Level 3. level 4. .nd level 5 id— the to.«nc.. to 
which . U.U 3 «tton «. «P«.«d dro,p.d.co».id.r..l y «"» "" e 
oot of eleven .*ht-,..r-old. (♦») *»* » l ~ 

„hil. only two out of twelve nine-,—.*. (172) did the «n. thine. 
Hin, the efcht-ve.r-.ld. <««. «* W* the t«lv. nine- 

(582). -P«.«d M * to- A* ~ of the eight-y.er*ld. 
(182) though, the, the Level 5 id«S«. -pettot. vhil. five of the ntoe- 
,„r-old. (*22) «pr..»d c«t.tot, .hoot the «p.ttotitv of th. level 5 

d " . • ■ 

interpretation. 
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CHAPTER yi 
tESULTS: 
1ELATI0BSHIPS AMONG LEVELS 

lb. qu.ntlt.ttw ».ul« *«rt«t «h. ••"» «P»««««T 
.r. «*«t* t. thl. d«pt«. -""'I 
it «o«ld b. «U to r.tt.r.t. .<* of th. ««»ptloM «d»rtTt«g th. 

„ptrtc.l .~«h. Wr«t. « — 

ncMneUo of th. eo»v«.tl<>n.l «.utl««l .y.t« «.W „tiU« dl.- 

ti»c« cor.iti™ •bintu.. »« of «htd. «•«•• ' 

... rnmti ttot t«dtvtd«.l edition 1. th. .we. «f .ymb.UoT.pr.- 
..nfttoo. «hll. Wlt«. i. th. r.po.t«r, of .,.««.. •.J-b.l- 

U.tt« Ur«.W frw -tthtn. «d -"it., i. to .odd —- >«• 

«r«»ttt.d fro. Ft»lly. it ». «!>«<«» th.t th. dt.«»c. 

,.«..„ «m«pt«l d«.lW-»t »d .y-bollo r«pr....«ti«> 4mU b. 
elo.cr than th. di.fnc. b.C«n . lth.tr of th» .»d «m«.tt.».l «»«- 

•entatlon* • t 

ft. «plor.tor, hyp.*-.. "fUotto, th... id- «l thr.. 
ct.,orl..: wUtte^t,. irttht. tte .f «•*»!««, .T*oll« 

„,„...«««. «d » W „tt«-l no-tf.-. r.l.tt«..htp. h.«d» U»U 
U th. tor- dc-ln.; .nd ,u..ttc r^rdtrig th. of b.«~n- 

a„.t« r.U«l...htp.. IM* «T«J,.l. «" 
.. ch BW .„,..t. /V ..tt« (Fl*.r. 10. 0.pt« IV). Tht. *.P«« "port, 
th. ^ttn. »d lUMai .t.«t.«t«l .vtd. TC . f« «ch hypo«h..l./ 
„...«to.. Ih. -t. tool, forth. «« «.tt.,.n.T «bt.. « 

*hieh th. W. r.por«d 1. 0-pt.r V cMtttuUd ..l— «* '» wl " 
.M... Ml of «h«. UbU. «n b. found tn App..dt» B .»d APP"di* 
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t.Ltion.hip. «K>nt Uv.l. Within Domain 

• (b ) 4 th* .trueturlng of .bj.ct. (-hol« eollootlo".) 
tnt o group. (.ub..te or numerle.1 port.), 
^.r concept.— nu^ld grouping .btllti.. «r. «o cognitive 
'jutm*. to «*««. pUc. vol.. -«,t«-W. - 

: ta-tixi- ~» .1 tn. «.*. ^ —»«-. 

u n^b.r «... 1. Con..rv.tton «* T..k 2. E.t.bli.hing «- 
numeric*! grouping (Took *. Sock, .nd PolriJ T..k 6», Grouping Wheel.* 

~ \ rhiidr.il'. l«v«l» in e.ch one of these five 
and T..k 7., Grouping Gum). Children • l.vei. 

• on. M.in.t the other (... Table. 1D-10D. Appendix D). 

tm.fc* te.ted, one *g.xn»i. m 

With th. exception ,f on. peir (level. ^ l " ** *' 

Xnble, 10P) the r.„lt. of the Chi „»«. te.t. for 

. .ignifict et the .001 Uv.1. • — ~ "* •. 5 °° 

or better) tor .11 peir. 5x0^ U,... luvolving ^k *.. Jbeee reeult. 

„. >linM rlMd 1. T.bl. 5 on th. f.llwlng PM«- 
„.„xt. ».,..t ihet th. number «n«pt 
tt .b. inr.lv. rtilitie. th.t develop eim.lun~u.lv: t...f« « 

' «h. -n-tiv. «d * — - dlt T 

mine, there .re development.! level*. *• — ~f , 

the net. do not .11- » to extend the .»!,.!. to . «» d.t* 

' ,.tl«. .1 r.,.ti«-hip. b.tu..n .pecific .MX«i -7*' 

• .r.du.1 .on-truction of on the on. h.nd. «* the grouping - 

object, into .ub..t. on the other, lb. extent., uhich the, re,uir. the 
w or different c.p«lti.. «nn.t be directl, inferred. : in pert th . 

~* th. f .et th.t one of the conceptu.1 t*.K. 
lU.it.tion i. » consequence of the t*ct w» 

& . 
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(tMk 3. totl.ln.tln. B*»Ut, *««» ^»f«>« U ™ « lth ~ t * Mt - 

10t , ^ „ ar W .d f»« th. .~ir.i.. *>• «••• •* *— tot » r l 

«1, !.«.. .. .1th .n in.«*l.« pletor. of c.n«pt«l , ... 

„ r tl.«Lrly child.™ of T«r. .f «. ~d d*1 " 

p„.lud.. «. fro. ..mtlnlrlng th. d.« for UrnM*** r.Utl.,,hlp.. 



Cht-mm (V^luvel (p) |Cr>per,'« Cv: 



Tasks 

Task l i Task 2 (Table ID) 
Task X x Task 4 (Table 2D) 
Task 1 x Tasl 6a (Table 3D) 
Task 1 x Task 7a (Table 4D) 
Task 2 x Task 4 (Table 5D) 

Task 2 s Task 6a (Table 6D) 

Task 2 x Task 7a (Table 7D) 

Task 4 x Task 6a (Table 8D> 

Task 4 x Task 7a (Table 9D) 

Task , 6a x Task 7a (Table 10D) 

Table 5. Summary of relationships among levels In tasks 
Table "Jaiii to ttp cognitive development 

| ■>••' % ', • 

„p.«h..l. 2. Ih.r. .r. i- «pr....tlng *- tltlM 

symbolically* 

T.bW. lltt. 12D .nd UK UlUd« ») r.Utlon.hl,. ..- 

twn "childr.».. U«l. on «.h 1 t»k. cllln. for ^ 
..nftlon. T«k 5 ..k.d for dr«ln(. .f Six Stick. «r«*.d In thro. 
dl««..t T..k 6. ... concerned with («-»« <* •"•«. " »> 

' ' ' ' 164 ■ .: 
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ilid cr. (.roup >1» - — *** "»""" 4 dt " l,, *• ° f °" <n " " 
« in'M-'Mi of Oun (.roup .to. ■ 5). Ih. ».«!«. of th. Chi 
t .. t t „ ft,.. d.« .imifl..ni .« th. .001 tov.1; th. 
«..««tf th. .tr. W th of -"cation for p»ir. m which, — — « — 
T..k 5 W.M., 110 . od 120) «.. 1... th.n » - .500. In... r..»lt. .« 
»«BB»ris«d in Tabic 6. „ 




Talk 5 x Task €b (Tabic 11B) 
Task 5 x Task 7b (Tabic 12D) 
Task, 6b x Task 7b Q (Table 13D) 



29.57, 


df 


. 9 


•001 


.409 


36.47, 


df 


• 9 


.001 


.446 


62.92, 


df 


• 9 


.001 • 


.551 



T.bl. 6. kaamty of r.Utlon*ip. '""i Uiili to t..ta 
w». ,y m<llrll „ .ynfcolle r«pr.M»t»tion 

lh. X.v.l , tov.1 .WXT.1. tor ..ch p.ir of .*bolto r.pr...n«.tion 
t..k. .u....t. th.t th«. W b. co^on d.v.l.p«n«.l th«.d. to chil- 
Wl dr.win.. of Wtttl... Wt «h. r..ult. c.ution M.ln.« 

tryto, to .p.cif, -».« «h«. thr..d. or., to .ddltion i« .hould b..-n«.d 
«h.« th.r-.lt. th. b.t»«.-t..b .»1T.« «. »t .. .««.* . • th.y 
«„. for ih. cognitive Cconc.ptu.l .nd .rouping) ..p.ct di.=u...d .bov., 
or for th. c.nvmtion.1 r.pr.«nt.ttou d*m.ln r.p.rt.d b.tow. . 

It .houlo b. . W h..l»d th.t thl. .n.ly.1. feed on children'. 
•dr«to,. of n-Sirlc.1 -UttitU,, .nd d.lih.r.t.l, Unor.d o«h.r f.«ur« 
of .,-boll.fol .hiliti.. «h.t could h. of l»t.r..t for d.v.l-. 

o^nt.1 Ldi.. of childr«... dr-wto... Chlldr.. w.r. ..tod to «k« 
dr . rtni . in ordir to find out (.) If th.y could r.pr...nt nuclei 
.roup, .nd .ub,r,up.. «.n if th., did not too. how to writ, di.lt.-. 



• C-,0 
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<b> .tat kind, of id— the, I." bring to b..r on th.tr dr«n (•! 
«* „ t «. n Cc«v«tt«-^»pr..«t.tlon.i «d U> « th.r. ..re «w 
n .t«tto diff.r.nc.. tn child™'. «... th.t co» W b. .ttrlbot.d to 
d .v.l.p«nt r.ttarth.n to «.e«i« U.T»lr». Th. dr.«l«... » they «« 
..bed for in thi. .tod,, -ere . p.rticol.rl y ««foX ™blcl. for .Xicit- 
in, the Id... th.t chlldr.o do h.v. th.t undoubt.dly contribute to their 
problw. in und.r.tandint pi«« wlt». 

H,poth..l. 3. Ttar. in .C-irin, the n.t.t.en.1 .y.t» Ccon- 

• ,«tion.l «pr...«t.tlbn>. Th.r. .r. U»U in «itt»g 
n»b«-.q«itsX..! ">«" lmU ln 1 »" t »" tini! 
' or ...Igntag W.ning to th... Enb.dd.d In thi. 
. .« X.V.X. i« *• » UC * « l >" »top«-t5r of the 

cenv«ntlon»l notttionoX »y.t«n. 
Chiidr.«'. k~»l.dS« of co»v«,tion.l notation ... dlvid.d into too 
portM th.lr .billt, to tit* nuoer.l.-. .nd th.lr lnt.rpr.totl.n of th. 
r.l.tlo».hlp b.t«..n «ltt« nuoer.l. .nd .ymboXl..d obJ«ta. For the 
..ta of tavlng .. eo^Ut. . record « PO»«.X. «<» ' hiU 
iti... th. r..ol« of th. thr.. tt.lc.°r.,«irlns conv.ntlon.lnot.tion 
„r. oolUp..d frc th. »«t..t. Th.r.for. onXy on. r.X.tio«.hip r.™in.d 
to b. t..t.d, ..d ttat — th.lr Wl in orlting m»b «.!«« their 

tart in ...Ignlng — » ««»*- "» * WU> ° £ *" , "° n8 
ti.n.hip -r. tlven In W. 1«» .»» *K>.ndix » C*>- US.l^df - 12, 

p i.OOlf v - .751). 
s »» th. ..tant ttat the three not.tl.n.1 ».k. .Uowd children to 
ttoir hncledge, »d -ithln th. 11-lt. of the qo.Ut.tiv. .nd 

,«.ntltatlv. .»1T.«. P«*«»° "«*• *« " !gS " t ** *"* *" 

dov.Xop-.ntoX UvoU in thi. d«-in. *t th. e.v..t. r.g.rding XeveX. 
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. T..h. M. 7d .no . (M.^ H..ntn. to Pi,lt. «d "-"X.). ^ 
out ln a»p«r V, *.»». UP* in m* » th... - 

».utiot»hip. »°ng uv.1. DcMlM 

* ' 1 _ . . « fta ttive relationship between Uvali in the 

Hypothetic 4. There i« • positive r,MUB • * 

cognitive f .k. «nd level. U the ta.k. requiring .** 

U.tt«*». ta " ta in tbt e08nttiT ' 

.jrtollr.Uon .« .iven In Mta. U through 15E (App.n- 

. Chl.,u.r. r.,ult. tor «b... d.« «.r. .ig»ifio.nt .t th. 



The 

and in th 

001 1 J. Th. .«.,gth of th. ...ocutlon b.»..n v„Ubl.. r.ng.d 
fr0B v . .391 (Tool. 10E) to » - .735 CM* «>. Although th... r..»lt. 
.„ dtmw lt to »nt.rpr.t, it co h. noted th.t .11 of «h. "hi.. th.t 
^X^.V. h.lo. .500 involvou .ithr T..b 6. (th. n-h-t - th. 
.«* „.ul« .. «U « withm.doo.ln cognitiv. r..ult.) « ** 5 (th. 
„„ k ..t of th. uithln-«.K .no wlthln-do^in «**-«->-■>• Th. 
,..»!« of th. b.t».»-d«.in .«.!,.!. o* U*.l. i» ».■» 

„p ooguitlv. .billtl... -nd l«.l. i« «*«• 

. 4« T*hl« 7 whichean be found on the following 
tatlon, ore «umn»rized in Table / wnxciv c. 

page. - % 

*c.u.. thi. .tody ... «plo-tor,, t..h. v«. d..lgn.d to uncov.r 

. r»g. of .billtl.. «h.t »r. thought to if lu.nc. und.r.«nding= th. 
...V. «.Xp.r.bl..' on. to th. oth.r. Th.pr.bl.* of pooling th. 
of di«.r..t f.h. int. . .iogl. ...or. i. . difficult, th.t • 

b.unt. ». « thl. ..... of th. *or m .rd.r to »«. .b~t th. 

. trOTith ot „Utlon.hlp. b.«..n M., — — f « ' V,l0,tlBS 
.tat -« b. found. On. »V of b..i»uing to ...... b.««»- 

• • . 167 •'• ' 
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i r 

I Tasks | 


Chi square 




f mvftl Ct)) iC 


raster ' s 


Task 1 x Talk 5 (Table IE) 1 


49.67, df « 


.9 .1 


.001 1 

[ s> 1 


•486 


1 Task 1 x Task 6b (Table 2E) | 


69.48, df - 9 


.001 1 


.571 


1 Task 1 x Task ?b (Tabic 3E) 1 


74.46, df • 9 


.001 I 


.604-. 


I Task 2 x Task 5 (Tabla 4E) 


37«4**t OX 1 


■ 9 


1 ,001 • 


.429- 


1 xask 2 x Task 6b (Table 5E) 


at 


_ Q 




..527 


1 Task 2-x-Task 7b (Tabla 6E) 


!M*«?o 9 ax 


MS y 


.001 

p 


.519 


1 Task 4 x Task 5 (Table 7E) 


3oelo y at 


• V 


1 .001 


.508 


1 Task 4 x Task 6b (Table W) 


1 *f/s77, OX 




I • 00 A 


.566 


1 Task 4 x Task 7b (Table 9E) 


72.39, df 


- 6 


1 .° 01 


.735 


M c 

. 1 Task 6a x Task 5 (Table 10E) 


1 30.76, df 


- 9 


1 .001 


.391 


I Task 6a x Task 6b (Table HE) 


85.53, df 


m 9 


1 .001 


.605 


1 Task 6a x Task 7b (Table 12E) 


I 36.69, df 


- 9 


I .001 


I .424 


1 Task 7a x Task 5* (Table 13E> 


1 49.38, df 


- 9 


I .001 


.511 


I Task. 7a x Task 6b (Table 14E) 


1 47.34, df 


- 9 


1 


1 .475 


1 Task 7a x Task 7b (Table 15E) 


1 55.54, df 


« 9 


.001 

-4 I 


I .552 



Table 7. Sunnary of relationships between, level, in cognitive . 
and symbolic representstion tasks 

*• 

do**. .tr.n,th 1. to dcuLt. » *« 'h. IndivlA-V 

of ....eutlon. For M 7. «*« of th. £««.«. — *• 

. . .525 (r«». fro. v - .391 to .735, .. pointed oot ...v.). Admlt- 
t.dl T thl. 1. .n l,ov.rl.h.d wroxtotioo of r.U«v. MW 
bro.d of roUtion*!,.. *t ,!«» the th.or.tld.nd «*lrU.l 
ltalu tlon. of thl. .tod,. It 1. « U..t on. «.T of d..crlblng th. 

in ,»..tlt.tiV. t.rn.. * «!» "torn to th. dl.coMlon of 
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,.Uttv. .trenith ».».«» eW» to th. «..«-nt .£ H,poth..l. 7 below. 

„p.th..l. 5. Th.r. 1. no con.Lt.nt rel.tlon.hlp b.tw..n level. In A. 

eotnttln tuta «nd' level. In the t«.k. eliciting knowl- 
edge of conventlon»l r»pre.ent«tlon. 
The rel.tionrf.lp. between children'. Uwl. 1» the cognitive «.k. 

tad th.l«> tov.1 1» siting m»r.l. <T..k. 6c. 7c «d 8) or. d..crlb.d in 

Teble. WE-20E (Appendix E) «"> .u»mrl»d in Xbble 8 below. 



Tasks 



Task 1 x Tasks 6c, 7c and 8 

(Table 16E) 

Task 2 x Tasks 6c, 7c and 8 
(Table 17E) 

Task 4 x Tasks 6c, 7c and 8 
(Table 18E) 

TAsk 6a x Tasks 6c, 7c and 8 
(Table 19E) 

Task 7a x Tasks 6c, 7c and 8 
(Table 20E) 



Chi square 


Level (p) 


Cramer's (v) 


81.84, df - 9 


.001 


.611 


L05.73, dt * 9 


.001 


.672 


82.65, df - 6 


.001 


.747 


55.48, df - 9 


.001 


.487 


68.25, df - 9 


.001 


.570 



Table 8. Sundry of relationship, between level, in cognitive 
Table p. summ. y^ rtqulPlns that numeral, be written 

Th. rel.tlon.hip. between children-. I.v.1. in th. cognitive «... «* 
their level in the .econd „p.ct of e'.nv.ntion.l ootetion, ...Ignlng 

...ning to mmmtU »»•<. «• M «* » *" d " erlb,d l " 2U " 
25E in Appendix E end .r. „»»ri»d In Teble » on th* n«t p.g«. 

The Chi .qoT. reeult. for .11 .1 th... ten r.l.tlon.hlp. were 
.illcnt .t the .001 level. The -»«»•* «" .tt.ng«h of ...ocletion 
for .even of the t.» W.n-do«ln t.ble. ... .hove v - .500. For th. 
r^lnln, three «bl... the ««nr. d»PP^b.l.w ttat point. *0» 



Tasks 


Chi square ( 


Level (p) 


Cramer's (v) 


Ttik 5 x Tuki 6d, 7d and. 8 
1 • (Table 29E) 


40.98, d£ - 12 


.001 


.448 


Task 6b x Tasks 6d, 7d and 8 
(Tabic 30E) 


67.20, df - 12 


.001 


.554' 


Task 7b x Tasks 6d, 7d and 8 
(Tabic 31E) 


117.28, df » 12 


.001 

• 


.776 



Table 11. Summery of relationships between levels in tasks 
Table 11. W*» 7 .yabolic representation and tasks 
assessing knowledge of conventional notation 
(interpreting digits and numerals) 



Strength of Relationships .Between Domains 

Hypothesis 7. There is a stronger relationship between levels in the 

area, of cognition and symbolic representation than there . 
i. between level, in symbolic representation and conven- 
tioiul notation • 

Bypoth«.l. 7 U . .tr.l«htf.««rd i...U.n WMT*«» r.Ltlv. 
.t«ngth of b.«.. n -*«m r.Utl«*t».. It .»,,..« th.t th. .t.ti.tl- 
„1 «Ltl.n.hip b,«..n l.v.l. 1« th. of Coition »d .^holtc 

r .,„..n«.t»o» —1* o. .tr.n,.r th.n th. r.l.tion.hip b.«..» l.v.l. 
1. th. «. *-t» of th.t involving indivldo.lly «oti- . 

„t.d qMMtW. .->» -".roll, giv.n noftion, Th. .vld»c. for 
*U hTpoth.,1. 1U. in th. «.uit. of th. forgoing .nd W . 

«t.tiv. .n.1,.... It .hooid not.d th.t ..ch pn». of d.to 

.. it i. pr...nt.d h.«, «k.. «. f«rth« o«d f»rth« fr» inolvido.1 

children '^observable behavior. 
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/ 

i»bl.. 10 .nd 11 «1» th. r«U«on.hi,. b.»«n UwU. d..- 
« lb . d in Ml.. 2*E-2« 29E-31E in W" 41 * «• *~ *" 

«ith -kin, to-inf .f ,n.otiti.. .Mt«t W» i» 
di.it. .n th. .nt'l»nd. «- W. i» — "*«» * « 1 « t " 

on the .th... ». Chi .*..« r..ult. for .11 - th... d.« «. 
«... ...in .Unified th. .001 l«.l. Th. »..«r. .f ...«U.1» 

... .„.„ v . .500 for ,.ir. in *ich T..k 5 («h. «.h..t of th. .**oli. 

r .,r...n«.ti.» UM) ... not involvd. «h.« th. thr.. -««.. •» 
...ocL.ion in Trt.1. 10 .r. c«»bin.d. th. .««». i. v - .601. For 
T.bl. 11 th. .».».. .t»n,th rf ...ocLtion b.t».n l«.l. i. v - .593. 
O^r.11 . th. .v„... .«.ngth for .11 P.i« in «h. vm im*m i. 

y . .597. Ihi. i. .l».t th. M~ « «h. ««... th. c»iti™ «d 
e.mwMl.n.1 do«.in. di.en.Md *«. (Bn»th..i. 5). { 









Level (p) 


Cramer's (v) 


Task* 


Chi square 


Task 5 x Tasks 6c, 
V (Table 26E) 


7c and 8 


45.13, df 


. 9 

• 


.001 


.467 


Task 6b x Tasks 6c 

(Table 27E) ' 


, 7c and 8 


83.54, df 


. 9 


.001 


•598; ' 


Task 7b x Tasks 6c 
(Table 28E) 


, 7c and 8 


109.10, df 


. 9 


.001 


P .737 













Summary of relationship, between level, in symooixc 
representation ta.k. and conventional notation tasks 
(writing numerals) 
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A ^ 1^— ^S— S^S^^^S^SM 

Tasks 


Chi square (%*)' 


Level (p) 


>'•■ 

Cramer's (v) 


Task 5 x Tasks 6d, 7d and 8 
(Table 29E) 


40.98, df - 12- 


.001 


•448 


Task 6b x Tasks 6d, 7d and 8 
(Tabla 30E) 


67.20, df - 12 


.001 


.554 


Task 7b x Tasks 6d, 7d and 8 
(Tabla 31E) 


117.28, df - 12 


.001 


.776 



Table 11. Summary of relationships between^ levels in tasks 
Table *. Uln J £or mymbolic representation 

assessing knowledge of conventional notation 
(interpreting digits and numerals) 
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Strength of Relationships Between Domains 

Hypothesis 7. Tn.r. is a stronger relationship between level, in the 

areas of cognition and symbolic representation than there 
1. between levels in symbolic representation^ and conven- 
tional notation. 

Hv»o«h..i. 7 U . .tt.lghtfo»«d rn-rdln, th. r.Utl« 

of b. mm ^ r.l.tl.n.hlp.. It th.t «h. .t.tl.tl- , 

cl r .Utlon.bip b.»..n l.v.1. in th* - ^ ltl0n "* '•^ 0UC 

«,r...nt.t*.n .hould b. .tron,.r th.** th. r-Utlchip b.«..n to*U 
to «h. «. dctn, .f rw~.~t.tt-. th.t involving Individual, TO tl- 
„«d .jab.lL.tl... .nd «1«««U, «l«n notation. Th. .vld.nc. for 
thl. hvp.th..!. 11.. in th. r..ult. ot th. ,n.U«tlv. ..nd ,u.n- 

t t«.tlv. It .h«ld b. n.trf «h.t -eh ph... ot d.» -lyl.. 

.. lt u nr.; t*.. u. £««h« .nd furth.r fro. l.dlvldu.1 

children's observable behavior. 
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Sum th. kind* of «^,*..4~ W,W.,*. dUt dir.«t ...«. 
„ f ......In, th. «l.tiv. .tr««th rfwt— » •» 

„ ... th. «. * «.oeUti«, <*-«•. v) -t* «-« »"» » l '» 1 *" d 

,.r -eh ,.ir .1 1« th. b.«..n-d»»ln .„.!,... «• «« 

frncdor. .« .I**. *>• *« •** ° f *~ ""• - 
pUc.d in on. »hr« c.t...rl.. («*»!*»/.»*•««. fl-W*— 

'ti.n.1. . nd «-«. - - »" to ' tle * VtW *" ^ 

tor th. r..p.ctlv. c.t.«orl«. Th. ptc^r. i. »prod«.d In T.bl. 12 
on th. f.Uovln. *» «. » «*-• th. ««~«0 — 

r . g . .f .11 of th. «..ur.. .««.«h of ...ocUtlon h.«..n l.v.l. in 
«*. ...nltlon «.k. -1-E . 

. . .525 (»ns. fx.- - -3» i. .i .»« *. * th. ~,.d», 

for ». k . „.ln. .,-.11. ^...nutl.. .nd f.k....lU»S «---*• 

noftlon «• v - .•* CrdnW ftoa v t.;, . .776), .nd to 

.^Ut. th. ,iotu„. *. for t..h. d..l,n.t.d «n„y.rlnd «g- 

nitlv. .hllltl.. .nd t..h. rutins - *T » " ^ 

<„,,. W .»37 * v - .797). ;«.,•» O..U of th... d.lcul.tlon. . 

w ' -~Adr*»A for v • .*596 .4s ciesrly greater 
: Hypothesis 7 would have to be rejected, for v 

than v • #525o l - ; " >." /• " 

Bo«v.r. « .hduld .ho«t..th... r..«.l& f« ..«»1 ; . 

. .1^1. A .«h. it i. « l^v.rt.h.d d..orl P tor of . 

it..U . difficult .ftUttc to lnW.%. ***** .» .v„. 8 . 0* .11 

o£ .v.n »« dl«io»lt to ** **« T 

.. «11. ' - r.l.tlon.hif. involving ^ ~"« 8 « 
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Strength of Association between 
Cognitive and Symbolic Task* 



Tasks 



Cramer* s v 



Strength of Association Jetwejn 
Symbolic and Conventional Tssks 



Tasks 



7b 



7d, 



Cramer's V 



Strength of Association o«twe«n 
Cognitive and Conventional TasRs 



Tasks 

1 x 6c, -7c, 

1 x 6d, 7d 

2 x 6c, 7c 



It X DC, »«, « 

2 x 6d, 7d, 8 
4 x 6c, 7c, 8 
4 x 6d, 7d, 8 
6a x 6c, 7c, 
6a x 6d, 7d , 
7a x 6c, 7c* 
7a x 6d, 7d, 



8 



Cramer's v 



Average v 



.522 



. .525 



Average v 



.596 



S 



Average V - .599 



Table 12. 



„ t -»k „f kh. .tatlstlcal relationships between domains: 
cognmve^ - conventional, and 

cognitive and conventional 
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1 " - - - - - — - *^ U£ * ■ 

pr.d..iy *. ~ *— • - «• ~ 

.... - — — r- r f;r";r 

.„ „ f 4uXt.P0.td WO." ' " 

««ir.l. «d dr«n obJ.ct. th.. .Ithpr th. f«r- 
tl.n.MP b.»..n digit., »»«r.l., ««■ i 

^b .Ix-^Xd. « - nln.-,.^d.. r -» - ~ 

*« — ~ * - 7~' ttat for tK. Individ..! 

I„ .ddltlon It .hoold be ..Id tb.t t*. 1«« 

W „. n.l«H.t . Ptlotl otodoet. 

1. tb. conttxt ^ * X, ^ 

of p«tora. . . doflned 
of »t.S«i"d b, ».« e 

„ v. u b. di^ioun - - — 

vat done here. 



CHAPTER VII 
DISCUSSION AMD CONCUDSIONS 

This «,lor.tlon Into chlMrw- a undemanding of tba ,1k. value 
property of our BO.ot.ti™ W .«» »«»*«'• «»' !l « t « 4 ^ 

th. Co.™. paychoganetlc. -id .or. at.ad.rd hypoth..i.-t..tlng experi- 
.antal approach..; In. «»!«. of thlatudj rtfUet «.. of the atrengths 
and .-. of th. of .«» »* ' tl". «"«"*» » f tav«tlg.tioo. 

In g-er.1. th. «J.r atr«gth of th. loo.« «plor.tory tochaiques 
allowad hy th. Gana»a» .oh»l 11.. in th. ««t to which th. r..eercher, 
a^ltallae. on the Ida.. «pr..«d b, children »d follows their tr.in of 
thought. »th.r than being narrowly con.tr.ln.d by . .« of ***** P*~ 
c «j urM ...Ignad to t«t well articuUted bypoth..... Th. iaajor weak- 
„... » th .t auch of.anyi.ld c»pll«.t«l d.t.. «d « • CO.- ■ 

m^mJ. th. pro.rfur.AMd to d«crib. th. r«»lt. ar. difficult to 

.paclf , in adw.oe.. P«. «-ly." tb * — ■ ttlt ° 4e * 

e»tl». probing that character!.?, th. iltUl Rationing of children. 

th. «Jor atr«g«h of .or. «rlng«t «d conatr.i»ed experimental 
pr0CKtarM 1. that .P«U1- v.ria.1... nypoth..!.- to drflu«ce « out- 
c». in particular ar. l.ol«- for " tlE ^ 

procedure, hy which th. data h*. h«. collected «* th. raaulta obtained 
,r. .or. amenable to precia. r.pll»tlon and v«lf lotion. The major 
«. ta ... 1. that new po..ibillti« that f low f rem children-, bohavior .re 
foraoloa- from inv..tig.ti»n. .t 1— .t the .cent of their occurrence. 

When p.yeh.l*ic.l pacpactiwe. .«d r.a«rch methodology that are 
a. different a. th. on.. repr...nt.d In thl. atudy ar. combined. . number 
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of difficult!., viie^t each phase of the reeeerch, «*t the out. et, hypo- 
theses that were not formulated ss testable statements bad to be altered 
so that they could be treated as if they were assertions that lent them- 
selves to conf motion or rejection. In point of fact, the hypotheses set 
forth in Chapter III were intended to serve as heuristic premises that 
would live direction to several exploratory and descriptive lines of 
study. They had a methodological we well as substantive aspect. Further- 
more the hypotheses were Hot all of the same kind: they varied in the 
sxtent to which they reflected net? as opposed to previously investigated 
problems; in the degree to which they deilt with general rather than spe- 
cific relationships; in the extent to which.they made use of widely repli- 
cated result, rather then results gleaned from pilot research; and in their 
relative susceptibility to one or another kind of data analyais procedure. 
In addition the first group of hypotheses (numbersl, 2 and 3) posited 
development in three conceptually distinct domains and had a different 
status than the ensuing group, of three hypotheses (numbers 4, 5 and 6) 
that suggested more specif ic relet ion ships between developmental lines 
among the domains. or the last hypothesis (number 7) that,d««lt with* the 
strength of a at et 1st leal relationship among, two. betweennioma in pairs. 
In spite Of all these differences, the data bearing on each of the hypo- 
theses were subjected to uniform quantitative .analyses. 

. The results of this study ere, from both the Genevan and experimental 
standpoints, limited but yet of some interest. At the positive end of 
the continuum, the complexity of children's knowledge-building regarding 
an important cultural tool became evident far more quickly than would have 
otherwise been the case. At the negative end. the enelysi. had to be more 
global or general than one might have wished, and yielded statistical 

' , ' ' / 178 n' ' % ^ " : 
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remits that can only be regarded with heeitancy and caution as .to what 
can, to faet, be concluded from them. Thia ie not to aay that a© interest- 
lug pattens attested from this atudy, for when the results for each child 
are coneidered ia their entirety, developmental patterns do. emerge to 
teas of the order in which ideas are constructed. 

.<. At. the outset of this study, the basic action underlying pleee value ( 
was thought to lie in the ability to go back and forth between units and 
numerical groups, that is, to group units into multiples" of ten and* to 
partition higher order groups of ten toto smaller groups or units. Sym- 
bolic representation wee e mechanism by which children could ^ show what 
they understood of the grouping action ^graphic form, and served as a 
vehicle for .exposing their ideas regarding the relationships between 
symbolised objects end quantities represented to conventional hot at ional 
form. Children's knowledge of placevelue was tovestigsted In relation 
to their" interpretations of that relationship. Let us turn to the results 
of the interviews with children. . 

There is 0 e feir distance between children's performance to the number 
concept and grouping tasks, and the ideas they expressed about the relation 
•hip of number-squiggles to symbolized quantities, especially at the older 
half of the age spectrum. One reason for the Urge gap can be attributed 
* to s methodological dilemma faced to the designing of this study. Because 
baseline developmental results had not'been established for moat of the 
tasks, it was decided that all of the tasks should be given to ell of the 
children to the sample. Therefore/caution had to be exercised' regarding 
how difficult the teaks could be. It was feared that excessively hard 
" conceptual and grouping tasks would Inhibit the enthustosm, of the younger 
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■abject*, and by the eme token, it was f e.rad that drawing tasks that 
wara excessively easy would alienate the older subjects. In a word, the 
me methodological dile«a. licenced the complexity of the cognitive 
and the symbolic tasks, but la opposite directions. She adopted course 
of action waX® keep the conceptual tasks ^ite simple and to limit. the 
grouplar tasks to small amounte Carnal! wholes and small subgroups) . The _ 
solution was only partially successful. \ 

toother reason for the apparent distance between tie cognitive re~ 
wits and the findings concerning conventional representation lias, In the 
overly facile reiationships that was presumed to exist between the two 
domains. Child-learners appear to have a number of theories, not directly, 
.Itoked to the cognitive capacities that were examined, that Intrude upon 
any direct' understanding of the elements or properties of the numeration 
system. These theories, or relationships, or connections between bits of 
knowledge, were ^articulated by different children in different ways. 

let us review the hypotheses that children brought to bear on riumber- 
squiggles a. they worked through the many tasks. (1) They are marks that 
can be "read" and that might convey information, either about the objects 
en which they appear, or about' .one action' or function that is associated 
It. the object. t*> They are.obj«c|. to write or draw that are similar 
to some figurative or qualitative way toother graphic marks that children 
know how to make, to fact, children *( we're to the beginning phases of 
attempting to write digit, used their knowledge and skill, acquired In 
the context of learning to draw, to produce their shapes: for example, 
e "6" is a circle with a curved, line on top „< o ,3 )s a "A" is a satins 



of line ••punts < \ ,H ,«*>S it i* * itraigbt itoe on top of 
• curved line i. drawn ( 1 • H« )• 

CMldran who ara learning how to writ* letters and digit, epen- 
taneou.iy remark on the .toOarity between an "S" and a "5," a "B" and 
an "8," a "P" ana a "4," and an "E" or %" and a "3." Juet as often a 
.ame^y.tam eompari.on i. made In approaching the t.ik of writing digits: 
«. five ia like ^backward two" is one example^ Finally, among pre-readers 
the que.tton, "Which aid. doe. the 1 go on?" in regard to writing the 
•qalggle. for "ten" and "twelve" waa aaked aa often a. it was for the 
"teen" number.; For kindergartener a and fir.Nsradere, "reversals" in 
writing two-digit numeral, wa. the rule rather than the exception, par- 
. ticularly for the '"teen" number, to which the "aix" to heard bef ore the 
root, "teen." Our left-right order of recording apoken language (for 
apelltog aa well ai for reading) quite clearly aupporte xhe error. ° 

' The use of prevtou.ly acquired knowledge from art, the aponteneous 
«.e of untaught compartoona, Id the tendency to "overregulartoe" the 
left-right aound-not.tion correapendenee, all illu.tr.te young children's 
a«rch for way. to make the arbitrary element, of both the alphabetic* and 
numerical .ign .yatema-aenaible for 1 them. The error* demonstrate that 

they are thinking . , • , ^4 

(3) Another collection of ideaa that predominate among five-year- 
olde, but that are found among older children as well, can be character- 
toad to negat toe t«». aa confusion and toconaiatency ^th. regard to the 
V.nt Native referent, for digit, and numeral.: The children who were 
categorized a. belonging in this l«vl\did not aeem to aenae a need for 
' conaiatency to^eto 'toterpretationa. A po.itive characterization of 
tbaae children* • thinking to a bit more difficult to make. 



fter. to no *i.»tion to th..e children'. »tod. that n«mber-.quig 8 les 
cm, and for the «o«t part do have .anethtog to do with the .jmboltoed 
quantiti... Furthermore the idea, they put forth ire to .tee *ay relates ... 
to numbers to an ..peet of ordinal number (but a. U&M rather than as 
full biota ordinal.); to an arithmetic operation that i. being tudied 
to ^feool (addition for fir.t trader.. «*itiplto.tioh for third graders. 
mA ds.vi.ion for fourth grader.) ; to odd and even number.; andt .o forth, 
the., children acted a. if they ware ...rchtog their repertoire of number 
relate Idea., acquired in the context of math activities in sfiool, and 
applying one of the r-nemberad action® to the novel out-of -.chool experi- 
mental ta.k» in •om.thing of a trial-and-error way. 

\. The appearance of tnto .|tod of .tr.tegy^chg five« and .i*-y*«-oid 
C hUdren ii hot aurprtotog.. \heir confidence in dealing with quantities 
larger than tan or twelve i. not high, and their axpcure to written number 
i, limited. But when it appear, in the behavior of older children, there 
i. cau.e for .erne concern. The .tody of number, involve, logtoo-mathe- 
..tical knowledge, and ..thematic, a. a dtocipltoe endeavor, to describe 
rel.tion.hip. to preei.e and -coherent way./ When older children do- not 
dtocard one of their cU.htog idea. a. "dot applicable" or "a false lead." 
* or when they .eem reluctant to make a choice, from among competing idea.? 
« ought to pay attention. Why are th>se children not making more of. the 

cl..h? 1. it becauae they are not thinking through a given relationship? 
. X. it bac.u.e their uWerataujltog of. and confidence to .'given relation- 

.hip to too to racon.truct it f or u.e to a novel .ituationt Is it ; 

becau.euo ^togle"r.l.tton.hip «bng the ^. t^^f^ ^ 

be a more premtotog po..ibility than i^other? It would .eem that 



mathematics! fcnewlsdge,. to houseful to an individual, must consist of 
relationships that sr. amenable to personal reconstruction, to the 
•bssnce of further information regarding the older chUdren'e knowledge, 
of such operations s. division, or such properties of numbers s. odd end- < 
even, it is difficult to tell Whether the Inconsistencies In- their inter- 
pretations are primarily a function of not understsndtog plsce value/not; 
understanding the operation or property raised as a possible explanation, 
not believing In the necessary coherence of notational-numericaX relation- 
ships, or some other f set or. 

(4) The theory that the digits used to write two- or three-digit 
numeral, represent either units, or set. of the siaf indicated by the 
digits, was held by .ore than half of the .lx- and *sey en-year-olds, an 
even, larger proportion of the eight-year-old. (80%). and half of the nine- 
year-olds interviewed In this study. The powerful hold that these ideas 
have on the thinking of si*- through nine-year-old. carries. ii. some dis- 
tance In understanding children', resistance to plsce value instruction, 
to the mind, of the.e children, numeral. such .. 23 or 105 representi whole 
amounts, but the digits In 23 or 105 represent one. two.^ three, or five 
objects, or sets -of one. two. three, or five object. «sch. Children suB- 
bribing to the latter view f lr.t divided a whole symbolized collection 
(e.g.. twenty-three object.) into .eta of three, and then went back over 
the entire collection, and marked the object. .. sets of two. Children who 
believe in either the "unit." or "sets" Ideas probably regard the lesson 
that' the digit, refer to two and three ©f something else (two sets of ten 
and three unit.) with skepticism snd disbelief , . The idea that the digits 
, have values that together correspond to the numerical whole does not arise 



as an issue. 
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Several rcaark. aey be aede la rtgard to tha tenacity of these 
Idee.. First, they ere ideec that children «y.te*eticelly apply la tesk 
after te.k. They are la thle .en.e generel, powerful, and well-learned 
action.. It it likely that they have underglrded auch of the child 's 
understanding of auaber thu. far, end aey be good Indicator, of the ex- 
tent to which the child he. contracted "unit, copped of units" (Steffe 
at al.; 1981) for one e.p«ct of auaber." The ra.ist.nce to restructuring 
these Idee, for place velue understending becomes aore intelligible from 
this point of view, for other structures have to be coordlaeted with this 
Idas. Aaong th« the most laportant aay be the second order multiplicative 
operetion of "one, two, ... ten, eleven, ... n groups.of ten" (i.e.,. 13, 

», ... 1M, 113, ••• »>• \ 

Second, the curriculer time t.ble for Instructing children in place 
value is determined by the role it pleys in expleining the regrouping pro- 
cedure in multi-digit addition and eubtwetion. However it is quite pos- 
. sible to perform eddition end wbtr.ction problems involving regrouping 
without regrouping et .11. Children «n rely on their aore solid knowledge 
of email numbers (lee. then tan) to wive these ^problems, In spite of 
isboriou. or clever Instruction. In p'oint of feet, when children ere 
asked to describe/their procedures es they ere working through problems 
involving regrouping, they .peek in teW of "carry the one" in eddition 
and "borrow the one" In subtraction, end rarely, if ever, refer to the 
carried and borrowed digit, e. ten. "Tens"* and "ones" ere the names of ' 
the second end first columns, from right-to-left, end whet 1. written in, 
tjhe column.' are numerel. r.ther than digits. v. . 

. Third, in other are., of knowledge-building , t>e "whet for" question 

„ * »tt\ —a *«" issue ("how do you use itV') generally 
("whet is it good for?") end how to u»« v w , 



) 
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preeed. any .«-pt .t d«crip.ion « * * «-*«•—»■ 

Wv «,. Ihi. i. enricw.1, untru. in th. «.« of nUc. »!«« instroctien, 
th , option "run int.. co.it.' direction. Childr.. .hould 

th. rationale for what th.y .r. doing in order to gr,.p the 
«,tvit, it«l£. Th. "what for" ..d "how to" that ,r.«m.»ly notivate 

t _v„„f oh« "carrying" and "borrow- 
curio.ity .bout why .omething work. - .bout why crrying 

. v . .1. "aoelled" in the w.y that they are — are 

lag" wofck; end why numeral, .re .pexx«o 

lacking. 

(3) th. criterion for categories children .. having understood 
pUc*v.l». - dtfined » their ebility to .how the correspondence h.- , 
.ween digit, .rut ocnerefl, end. syn.olic.Uy repr..e»ted .Meets. Accerd- 
^ly . WX proportion..* the e»~ - .ight-yeer-olds. «d . larger 
p«c»t«, of the .in.-y««-.ld. under helf) intervi«,ed for thie 

.tudy gr-ped place vein.. They .howed th. digit. 6 .nd 1 in the nonerai 
16-.. tiding for ohJ«t. and t„ oM«t. r..p«cti«ly. «* the 
. ^er.1 ..• «»ding for the entir. coll.ction. They were .hie to in- 

- - tH0 "teen" numbers, two 

diet, the „uantitatiye referent, for .t ltttt two t 

„»b«rs in fh. twentiei. and two co-bar. in the hundreds. 

These children had .pp«»«ly coordi».t- cany dif f .rent idea, into 
' , „.«* of reUtionship. that enahled then to^d«.t«d pUc. value. 
The id... that the children hM ^nth^ed inclnded the following. 
U > th. n.t.ti»al principle that written location natters; ff> the cpr- 
' ,«pond«« b«wee» written po.ition („*»>.>. c.lnnn n»e. (one. vs. tens 
„. *ndrad.) .nd digit. (two v.. two-t«.v.. two-Wred.) : (O the idea 
■ th.t digit, can h. freed fr- th. u^eral. in which they tccur. .m* that 
- th^y .ignify n^erlca! ^entities that are different fr- the ^.tity 



178. 



mUBU1 « w th. — .tafth. «i^tio» «■* «* ■*» • — »• 

(d) th. — of the ^.ntltU. t^r.«nt- b, th. digit. 1. th. «». .» 
th. *-t*T r.pr..»t.d h y th. «* d«£«»tl.t- th... chil- 

to „ £rsB th... ««M - X«er l«a. ». «h. ««t t. Which .U 
rf th. id-. W .p~ifio «" . .y«m of r., 

lationehipa. 

th. «* .lght-,«r-.lo... .«.»! cbildr.» r..pond«> to 

th. »r. .chool-lik. T..k BvithW 5. PUC v.lu. tfi*. * »*« * ■ .. 
th. .not th.t tta, «r. ««. « -« -it" 3 " «~* ' le " 

„on... to th. M. CI«h » «d Gun 7) orool... Tho* vh. did 

,.t f«i th. n«d to correct th.it «rlUr int.rp«t.tioo. «r. c.t««it- 
* th. l«.r In^'th... «ho djd not. th. - "* the Me4 

cotr«t ,hUron««. »*«.... »«« «t H ori«o .t th. 1— . 

»« d..ir. to «*. . .hole. *t— clUhl^ id". *« * «" ' 

nine-year -oldi alone. 

On. 1. Uf« «no«ln g W th. - vho 6 . d. S h- 

*, notion. «r. -«ti»- .hov.. di^Uyei .tfa*««« ■ — to h. » 
t^Lt**-. H» thi.,c.pp«««ot.^.tion (or ° £ 

,6n. nine-y-t-old.. i. . «tt«..f V* » 
th.t «hild,«. « «U « *f ** — " \ 

um*. m . v«i« y * — "' w thm ■ 

th«. night h. .-.xa.tion.hip (,i»i^«i*,/da*«~.) th.t h.. b..» 
w „l. ota d. Th. enaction of n«^.te « 
concrd** W*« -ot-tion », h./U of WtUniti- to ih** .hoot th. 

^..ihi. — o««» hithLo -.x— — i ^r s 
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i»t it u *t*uj *»* b "" r tbeorle * *" th * pro *"* 01 rela - 

ti».hlp. ooMtruot- in «.» otter thjn th. on. In whioh It .how. up. 
for «-pl.. « '«ld tar. btt> tte h«d thought put int. figuring out 
dl„i.i=o ttat for th. h«t« ^ * th. »in.-,..r-.lds 

to th. fk. in thi. «udy. »ivi.ion i. th. «niproo.l of 

„ltiplio.ti». «d «.ltipl*.tio» -n-«ll.. th. ■tth-.tiul id., of 
po«r. .< «n P«h.p. th. «tlctad rf tta Ml " e 

prop*rt, »M . Action ot o«ing to grip, with th. .or. «>phi.«lo.ted. 

second order operations. 

Th. rMult. of thl. .xpfcK.tory .nd d«oriptiv. .tody «gg«t that 
el.ildr.n-. underling' of th. pl«. v.lu. prop«« y of th. «»«.tl«. 
r.th.r th* b.lng co».truct«i .11 « on. tin. «rf In r.Utive 

Uol«l» fr» oth« l«ml»g. f W* * • * 1008 Perl ° 4 " ' 

tin., in oonjunotion with o,h« kind, of koowlodg.. «- to* fruitful 
.ppro.oh toi«orih te g th. proo... «, *> «<» »f ' th^ry-huUd- 

^ ltat th. nftionol .y«- « i l*r .o«t numb.r oono.pt.. o,«.- 
tlono, »nd th.lt int«rr«l«tion». 

It ».y b. ttat -on. form of ordinU .«ly.i. -eh .. th. on. »g- 
in Flgur. U night provide . h«t« dtaeription of how .Ml*-* 
in th. «.. Of taowl.dg.-building .bou* nuclei proe..ds. 
in Flgur. 11. th. .olid lln.. Indict. ttat . l«g. nu»b« of ehildrm or 
. given .g. hold id-. dMribon hy th. «.p«tiv. iMl.. the broken 
«n.. '.how ttat «..r>« -ot. -ny. ohild«n oon.ldor idoo. d««rib.d hy 
ottar W.. . Suoh «. ourr^tly h.l»g «pl«- * 

p.yohol.,i.t. -eh « Sl^ri*. SlnoUlr .nd SinoLir .nd Vhelp.. 
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4 year olds 

5 year olds 

6 year aids 

7 year olds 

8 year olds 

9 year olds 

Figure 11. 

\ 



1 leva 2 Level 3 Level 4 Level 5 



An ordinal description of children', ideas concerning 
the meaning, of iigits and numerals. 



. P.rti... of thl. «d» ***** .e~if lolly with id... that ehildren 
btln8 t . b.„ on digit. end — U «. r.olie.t.d in .nether e—anlty 
(Abridge). The ehildren «re dr.wn fr» . lover in... popul.tlon than 
were the Who fo».d the portion eanpled for thl. «udy. The 

chll dren r.ng.d in Me ft- fi« to thlrt.ee. «d — ft. -1 sr.de] levels 
£roD ^ergert^ through the eixth grade. The renge of Id... «,r..sed 
ky the Cmbrldge ehildren «r. no different th» tho« r«,.rte| In thl. . 
.tudy. The «J« diff«ene. het»een the .hnple. In the two todies rested 
* th . , «. 1^ .h.,.!^. el... »hurh» ehlldren.'. levels 

to «h hr.ee* «r. lightly higher then the., found. In th. lower .less 
«* children, the fifth end ei*h greder. In Cnhridge responded 

' w ar.H.Ts in Belmont. This finding is 

in much the same fashion as the fourth graders to «fo « 

consists with many other developmental studies. - 

^ utility of this .tudy for mathematics education lie. primarily 4» 
; B e documentation^ children's id... concerning the ^relationship hetveen 
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not .tW «*. «d m»«ic.l quentltl... in .onfxt. other then the 
OTM th « y h«v. * the CU.T-. ChUnr. «T *«««»" 

. und«.t.nding of H— « f 1 Und " , " ndln8 U 

.......d hy the «». tkh of U.*». th.t the, b». been 

„ught In .ehool. But for «ny children thl. «nder...nd^8 1. In f«t 
li.lt- t. the pBtieuUr hind, of «»pl.. or ei.ee thet they hev. 1- 
ready learned. 

the piece velue property of the -«« * ilff * ult £ " 

children t. gr.-p for . nunber of reeeon.. M»g then the following 
„ he pertlculerly lnp«t«t. Fir «. the po.ltlo-1 f»tur. Is - «P*ct 
rf our writ.- ^t«. end It he. to be underwood In reletlon to other 
propertle. »oh .. the «.e of .er. «• -old the piece of en -P«y Po.ltl». " 
„ t0 Mrk ,he .b«nc. of «... «r»P. of ten. «d .. forth. Second, the 
...erlc.1 Id... underlying puce «lu. «- «. retire order 

unner.t.ndlng of nultlplle.ti« ration.. the repr«ent.«lon of 

. tta «*« ,f tin.. . .roup (or group.) of..en i. urltten. Third, the 

,urp..e for which pl.ee ,.lue i. eg... tb,t 1. regrouping for edditlm, 

„ a erection, in » UgOrltta or procedure th.t c.n be c«ried nut with- 
' „. reference to the ^erlc* Idee, underlying »!«. v.lne. Colunn eddi- 

tto n »htr«tle, «n hi ,erfo~.d*y Greeting e«h .nd every piece « . 

« u were the ,»e. .. If the nunerlnel refer.... unlnp«t. rt . M.ny 

children .. well - ^ ~< «» ^ ""^ * 

rClt, without . -Oct : 

», ...Ition, th.t the po.ltlon.ln which . digit occur, determine. Its ,.!«. 
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Appendix A: 

Samples of Children' • -Drawings 



Q 



Symbolic Representation: Six Sticks 

. * . 183 

Level 1 .....I 

*.• 187 

Level 2 ••«•- * 

189 

'Level3... ••* 

Synfcolic Representation: Wheels end Cars 

192 

• Level 1 . 

194 

Level 2 

197 

Level 3 ...... ; *** 

199 

Level A • 

Symbolic Representation: Packs of Gum 

207 

Level 1 r , 

...... 208 

Level 2 * * • j 

209 

Level 3 

_ 210 

Level 4 

Conventional Representation: Writing Numerals 

217 

Level 1 •* * 

218 

Level 2 •«.• 

: • 223 

Level 3 * • k * V 

Conventional Representation: Meanings; of Digits and Numerals " 

^0 227 

Level 1 •> * 

L ................ 229 

55 Level 2 ~* ,V fp •••••«••••. 

232 

Level 3 ***** **" 

° ' 244 

Level 4 " 

*** 251 

Level 5 — 

6 . 



* 



*Level 4 is not necessary to include. 



**- - p,^219. 

j pp # 203 

ERlC for. level 5 o6 Cui task. 



See also p<| , 012-216 

O . «** S «.U. W . 203-206 *>r Uv.1 S t»k,«d W . 212 216 
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coir 



?r)3 



Drawing In response to 
request for "some way to 
remember 11 4-and-2 arrange- 
ment of sticks. 



Drawing In response to request for "some way to remember" 
3-and-3 arrangement of sticks. 



1 Q\t 
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/ 




195 
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3*0h OneS'c/e. 



v 



V 



3ohfK eo +^ 



e. 



)oi\ one 

it°h He of A* 



e 



erJc '.' 200 



Subject's drawing shows two rectangular forms with two wheels for "a car/ 9 
two seats (backward L f s) and a stick figure to show "where the people sit." 
Finally, S adds a steering column and steering wheel. 

' 201 




*0 




215 



jdJLutSL one 1 




if-'" 



7% 



16 M/hiihj. 
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217 




O 



ERIC 224 



III f thm 4n» •** *«£ 

5 ". ' v. f 
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Mi aafcrf IK fa* • •«"••. «S/2ri tew 
«* aletari that § »W-tM It ataa« *•*• i * M " 
• electa araaad **• J. 



226 



Tw nkliltW MMial *ai *a« **lttaa «• 

brTliM araaaa «j»tM«i 
that BUM -aaaa. ■ i**; 
electa are** »•* ala atleke 







235 




, all » 



•It I) 




er|c 2^"" 





(1| Mjact ir*» a tart* circle amri the dm tleec. thee f m!<, 
cele* to Mfcc ten. eotcc to Mkt that cec 1 
creeeee'e* t* fill the metcce* apace with core Uacc <a - 21 
le cccittee to !•• els). 



CI) t ccMMtctf him cVem Kmc ac* eoneMH that there cete twwty-two. 



247 



(4) flr ** ecfttca cf fit 
mtt the ltft-heeJ ec-crel. 

the* thC tltf*~M«4 eetttee, 

leefcei at chat he he* «tlttce» 
Mi iiNf *thet g a the teeatr. 
mmi that (tlaht ye") eheeM 
he e tee* 




15) •'e ekccnJ ctteact Ic eclte 12* _ # 

2 FfeceJte the rlght-Mei 2 ec ^Tlr^T 1ST 
CI) The left-hce*"* . ee celt cc the ^1* 

•t f tret cececei ce heft** teeet j-tcc erece IteeeeeeeU. 
<•) S ccceJ, ulth reference teethe lice arjwn* th« *k»Ic 

eWcl, -It'c c tittle hleger thee caly lleee." 
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0 




MJ«ct*« 



I —™ 011 U 
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t to M 



It vm «<k* 9 two, tlire*. te,* iiwl«<ti»t tta ft.efttteirOT l 
I* 14. 




mi ri it it mm\ w twit 

IIIIIIIH 





/I 






in iimmii 



ClnlM far Mn fc«l«v 



li 
i 




««w far mm m„ 



•it its 



l!il(IMIfl(/l 




ftoS, la It), I 
ciccM «f* Una. 

■tath U'm. 
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MP 

fifet COPY AVAILABLE 



|S> Mj«t call* Mum 
******* «Mm h* *— 
vrttfog **« thm 99 



|l» MJoct *•» Itraeoi) m of t*a f t*o «icU 
•f m to fimi i— i «* Mb* 




IS} Mbjtct mil "Oil." Mi 

MM, •*!» »1«« «M tS 

itro." 
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It) MJfct circle* thle stick 
after Interviewer h*4 circled 
him I In 2001 •« well tfw 
■tick to the left of It* 



8 

*4 



BEST COW AVftlUffilE 
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i Mkfttt mm* tm mmn*l ft!) 




260 



with 



(1) Subject traced around three wheele. 

(2) * S labeled them w one wheel, two wheel, three,' 

nueerele. 

(3) t wrote the numeral es "ThetS how wrnny there vee^ 
before, four. * Four yeare old. before I wee five." 

(4) S drew clrclee eround "1" end *2 W in reeponee to 
Tnten»lewer*e circling of "3. M 



V 




Without tht hook (at the top of th« nueerel 1), 
It would look liko the lines separating the sets 
of four wheels. 



the « In 16 
look* like e wheels 
correspondence would 
be exect "if there 
was a hole in the 
Middle." 
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270 



J 
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m m 




OOQQ 
O0OQQ9 



0 




(I) H* I la Ui ttsjact at first tip it to attaiat ta it aita Us i 
dlhrlli lit "Wall fta tm,* aaa atitaa taa 



It U«U* tltt tattla. 



CJ| ft ftll III £«Htaa tit 



11 



tklUll aatla, £ 



It ia tit naalalat ttettt. 
# "OmII fta ttt flat tls." 



<5) fat * (cat •). £ asrfta ttt gtaspa at ftar afcatla vita 
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(I) tasjact liw faac aaall ractaaalsa far toa* saefca af gaa, • 
tarsa aaallat ractaailaa tor taraa atlcla. 

(1) he ) li IS, aalarai la taa taraa stick*. 

0) far I la M. aatlttoi. 

C4| Par all W. calarai fa taa faar pacta aat alacai taraa s a s 
atlcta ta aasv "all at tfcaa.* 
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Appendix B: 
Summary of Levels Within Tasks" 



1. Conservation of Elementary Number 254 

2. Establishing Equality Among Unequal Collections .4 254 

4. Socks and Pairs • «.'....*.. 255 

5. Drawing Six Stick* « ; 255 

6. Wheels and Cars 

Grouping Objects in Action 256 

Symbolic Representation 

Conventional Representation 2 ? 8 

Meanings of Digits arid Numerals • ....^^58 

7. Packs of Gum 

r Grouping Objects in Action • 261 

Symbolic Representation • • • • . 262 

Conventional Representation •••••• 262 

8. Other Digits' and Numerals 263 

263 

9. Marbles • V 

< ■ 



'levels were not established for Task 3. 



3~01 



254: 



Levels Within Tasks 

The ideas and behavior, that seemed to differentiate levels in <^ 
children's developing knowledge are given below. 

Task 1. Conservation of Elementary Number (Piaget, 1941). 

Level 1. The child does not establish equivalence between two rows 
of objects. 

t^i 2 The child establishes equivalence between two rows, either 
^ S one-to-one correspondence or by counting. However the 

child does not conserve. 

Level 3 The child establishes equivalence between the two rows but 
Level 3. JJ^*^ con9e rving and not conserving number. 

The child is inconsistent. 
Level 4. The child conserves number unequivocally. 

Task 2. Establishing Equality Among Unequal Collections. 



0' 



Level 1. The child use. some non-numerical idea as the basis for 
making unequal collections fair. 

Example: the child pushes the two collections together 
and says, "They <fl»e animals) have to shsre. 

t „ e i 2 The child has an intuition that the collections should ^be 
Level 2. The child nas ^ h ^ 

£f filiated between same number, (numerical equality) . 
same appearance (.patial arrangement), etc. 

Examples the child says the collections have to be the 
^ same, but heroes not make them equal ^ number, 
or he.makes the collections equal but cannot ex- 
plain why the result is "fair. 

Level 3. The child thinks that equality cm U J"**™^^^ 

adding two elements to the smaller cojLj.ec 

tion^B ^thus A " 6 and B * 6), and/or by removing two 
elements from the larger collection A (A - 4 and B - 4). 
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level 4. The child establishes equality between the collections by 
moving one element from Collection A to Collection B, 
thus aaking two collections of five elements each. The 
child may do this directly or he may have first made 
collections of four and/or six objects each. 

m 

Task 3. Anticipating Equality Among Unequal Collection* Without Counting. 

* 

Due to problems in the administration of this task, levels could 
not be established for it. These problems are elaborated in the 
discussion of the results. Chapter 5. 

Task 4. Socks and Pairs. 

Level 1. The child counts the whole collection of individual socks, 
"one, two, ... six," or "one, two; one, two; one, two. 
But questions concerning "how many socks vs. how many 
pairs" are answered with a blank look, or talk about some 
other topic. 

Level 2. The child treats the term "socks" and "pairs" as if they 
were synonyms. She uses the same number name to identify 
each. 
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• Examp le: the child says there are "two, two, two* 

"three pairs and three socks," or "six pairs 
and six socks." 

Level 3. The child counts the socks (six), counts the pairs (three), 
and maintains the idea that there are six socks at the same 
time as there are three pairs. 

(* 

Task 5. Drawing Sticks. 

Level 1. The child makes some kin£ of a drawing. 

Type A. The child draws something irrelevant to the task, 
such as a drawing of a house, a person, or an 
animal. 

Type B. The child «akes a single drawing of a collection 
of six sticks. This drawing may or «ay not show 
the spatial separation between the sub-collections 
of sticks. 
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Level 2. The child Bakes three separate drawings for the three 
arrangements of sticks. 

Type A. The child shifts the mode of representation with- 
In or among the drawings, thus creating a mixture 
of symbols and signs. For example, collection A 
ia represented with a drawing of four aticks and 
two aticks with a apace separating the aub-collec- 
tions; collection B is represented with a 
numeral, 65 and collection C is represented with 
two numerals, 5 and 1. 

TypeB. The child produces drawings in which the ^.ub-collec- 
tions are ambiguous, and thus it ia difficult for 
him to use the drawings to accurately reproduce 
the sub-collections. 

Note: the child uses one or some combination of 
the following means to show sub-collec- 
tions — spatial reparation, change of 
color, and making boundary figures dif- 
ferent in aize from the rest. 

t-«.i 3 The child draws the correct number of sticks (wholes), 
LeVel 25 the sub-collection, (parts) are clearly indicated. 

However the child compares the sub-collections (parts) 
* within and among the drawings, rather than the wholes. 
0 Thus he says that five aticks and four aticks are more 
than one, two,«fOr three sticks. 

Level 4. The child draws each of the collections (wholes) and 
aub-collections (parts) accurately. He^comp.res the 
drawings and says that none shows more than any other. 
"They're all the aame." "They all have aix. 

Task 6. Wheels and Cars. 

This task has several parta. Children were asked^to (a) group 
oblects in action, (b) symbolically represent their actions, 
£ >S?w2nlta of their actions, (c) write numerals corresponding 
11 t£e ^entities they hafdrawn, and (d) interpret the meaning 
of the digits and numerals relative to the quantitiea they had 
arawn? Levels for each of the sub-tasks are given aeparately^ 

Taak 6a. Grouping Objects in Action. 

Level 1. The child counts the wheels on the toy. car, "one, two, 
three, four." The collection of twelve wheele, however, 
remain aa separate objects and are not grouped at all. 
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E»*ple: the child "counts" the total number of wheels 
^ (i.e. , counts them imprecisely) . toi£a tes _ 

"a new game" with the wheel** He makes no effort 

to group the wheels into sets. 

t^ w i 2 The child groups the wheels for one set (car) out of the 
l€Ve12, Souped wheSs. hut lesve. the remaining objects un- 
grouped a 

Level 3. The child groups all of the elements into sets, but the 
set size is wrong. 

Hotes these children made sets of W>, th« 
four, wheels. The source of tiiis error seemefl 
to hi the child's image of a car from its side 
view" where^only two wheels are visible.^ Curiously 
enough* these children did not give up their idea 
of "twos" despite the fact that a toy car with - 
four wheels had been used Just a few moments 
before. ' • r - 

Level 4. The child group, all of the object, into numerically 
correct sets (four wheel, per car). 

Task 6b. Symbolic Representation. f( 

Level 1. The child represent, an object, a. such, and not a quantity 
of object.. 

Examples the child draws a car or a truck end ignores the 
request to draw amounts of wheels. 

Level 2. The child draws a quantity of objects. . 

Type A. The child draw, many wheels, or an -PProximation 
of the ungrouped numerosity of the whole. 

Type B. The child draws one or two sets of wheels. 

w«*.. eh* .hiftins of ideas midstream indicates how fragile 
N ° te \ £ JuinSStJve ideals (a whole of sixteen and 

within that whole, sub-collections or sets of four) . 
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Level 2. Single-digit number-squiggles are generally recognized and 
A called by their appropriate nana (e.gi, "that's the number 
^six"). But rather than making quantitative correspondences 
between numerals and represented objects, the child seems 
to use some kind of a "matching schema" to make a link be- 
tween squiggles and other things. These correspondences are 
for the most part non-quantitative, though quantitative no- 
tions are occasionally mixed in. 

Type A. The child mskes a correspondence between the Colors 
used in writing squiggles and drawing objects. 

Type B. The child makes a verbal (nunber^name) correspond- 
ence between a squlggle and some unrelated instance 
in which that name is known. 

Ex am p le: A (written to show "how many wheels") 
elicits, "1 know that because I'm four 
years old," or "I was four before I was 
five." The connection between the 4 and 
four wheels, drawn by the child just 
aoments before, is not made. , 

Type C. The child makes a correspondence between one number- 
squiggle and any. other number-sqiiiggle written on 
the paper, as if to say "they're both numbers, and 
therefore they 'match.'" 

Type D. The child mskes a correspondence between identical 

number-squiggles. The correspondence is qualitative 
(identical mark) rather than quantitative^(identical 
■ark to signify same amounts) . 

Level 3. Number-squiggles, and particularly single-digit numerals, 

can stand for quantities of represented objects. >But other 
ideas operate at the same time, resulting in confusion and 
inconsistency of responses. The notion that single- and 
two-digit numerals refer to specific amounts (cardinality) 
is one among several ideas that are not fully differentiated, 
one from the other. 

Type A. Two-digit numerals cannot be "dissected" into their 
constituent digits. The number "disappears' when 
it is broken down into its written parts. 

Type B. A whole two-digit numeral, as well as either written 
part, all refer to the same amount. 

Type C. The represented objects can be used to answer one 
number-question. But the objects, once used, can- 
not be referred to in order to answer a second 
number-question. 
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cS^lSSSStSZ^^'A *h. ln» group. 

StarnlS SbeUtM. <«— and/or witter, «rd» to 
Identify the groups). 
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Task 6c. Conventional Representation (nmer.lt) . 

underneath each object drawn. 

EaS 'Si?:'. Sherds two," or "Thef. ho» I «ke 
a six," as he writes the a.qulggXes. 

Examples: £ for 3; 2 for 5; d f or 6} X for 7. 

Level 3. The child -Ice. ^ ' 

for most single-digit numerals, «ww " 

often inverted. 

Exenpleet "61" for 16; "21" for 12. 
^v.! 4. The child wite. the cpnv.nttoo.1 -rko for .11 nomer.1.. 

Task6d. Heanings of Digits and Numerals. 

«- - arras s«?«.«w?-* 

research in progress) . 

Type A. Number-squiggles are "naming labels." 

Example: 4, "says car" or 2 is "Channel 2." 

. Type- B. Humber-squiggle. carry "functional messages." 

Example: "they're for things you buy" or 0 (eero) 
u 4or blast-off." 

Type C. Kumber-squiggles ^^^LS^e^^t 
(albeit their number-squiggles) . 



307 



260 



Type D. Nuaber-squiggles as "ordinal labels" (that is, a 
sequence of narks identifying separate objects in 
' a sequence of objects) is not differentiated from 
nuaber-squiggles as signifying "cardinal values. 

Example: the 6 in 16 means the sixth wheel; or the 
whole numeral 16 means the sixteenth wheel. 

Type E. In the process of searching for meanings for the \ 
separate digits of a two-digit numeral, the "units 
of meaning" or "referents" change. 

Example: the 6 in 16 refers to six wheels, but the 
1 in 16 means one car (i.e., six of some- 
thing and one of something else) . 

Type F. The operation of addition is applied to thte digits 
making up a two-digit numeral. 

Example: the 1 in 16 means one wheel, the 6 in 16 
means six wheels, and the whole numeral 
' means "one and six is seven." 

Type G. The graphic marks themselves form the focus of 
meaning. 

Example: the child makes a figurative correspond- 
ence between the shapes of the numerals 
(1 is "like a line" and 6 is "like a 
circle") and other things drawn on the 
paper. Alternatively, circles drawn 
around the number-squiggles result in 
products that "look like a wheel or a 
machine." 

Type H. A numerical correspondence is made between one, 

but not both, of the written parts of a two-digit 
numeral and objects. , 

Example: the 1 in 16 means ten, but the 6 in 16 
means nothing at all; or the 6 signifies 
six objects, but the 1 means nothing. 

rntc^^atioTbetween the numerical part, (^x objects 
and £n object.) and the numerical whole (sixteen objects) 
being represented. ( 

•' V .'' . : - - ' .308 " . 
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Type A. 1 In 16 signifies *ne object and 6 in 16 six 
objects; that nine objects remain unaccounted 
for is of no concern. 

Type B.. 1 in 16 stands for sets of one, and 6 in 16 
for sets of six objects. 

Level 5. The individual digits asking up a two* or three-digit 
numeral stand for amounts that are determined by the 
place, or position in which the digits occur. The . 
mechanisms leading to this understanding of place 
value consist of a synthesis of three gradually con- 
structed ideas: 

(a) Rotational rule - 1 in 16 stands for ten because it 
is written in the tens place. 

(b) Numerical part-whole relations - 1 in 16 stands for 
ten because six and ten add up to sixteen* 

(c) Multiplication - 1 in 16 stands fpr ten because 
1x^10 equals ten. 



Task 7. Packs of Gum. * 

task 7 is composed of the same sub-tasks as those used in 
Taak 6. However in Taak 7, the objects cannot be equally 
distributed into sets: an uneven number of objects makes 
it necessary for children to deal with such ideas as "re- 
\ mainders 11 and "half a pack" (n - 13 for the youngest group 

of children, and n - 23 for slightly older children). 

Task 7a. Grouping Objects in Action. 

Level 1, The child counts the gum In the opened pack, "one, two, 
three, tour, five." The*, collection of thirteen aticks 
of gum, however, remain as separate objects and are not 
' grouped at all. 

Level 2. The child groups the gum for one set (pack) out of the 
thirteen sticks, but leaves the remaining sticks un- 
grouped. 

Level 3. The child groups the gum for more than one, but not all, 
of the packs that can be made with the twenty-three sticks 
of gum. c 

Level 4. The child groups the sticks of gum Into four packs and 
indicates that there are "not enough" for a fifth pack. 
Some of these children call the remainders "half a pack.' 
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Task 7b. Symbolic Representation. 

level 1. The child "represents an object as such, and not a , 
quantity of* objects. Eor example, the child draws 
I one or two sticka of gun and vacillates between 

identifying the Objects as "sticks" and "packs. 

^ Level 2. The child draws a quantity of objects. 

Type A. The child draws many sticks of gum, or an 

approximation of the ungrouped numerosity ^ 
of the whole. ' 

Type B. The chili draws the sticks fot one or two 
packs of gum. 

Level 3. The child represents the numerosity of ei^ier the un-« . 

grouped whole (all of the sticks, but none of the packs), 
of the sets (all of the packs but none of- the sticks), - 
but not both. 

Level 4. The child represents the numerosity of the whole as well 
as the groups. The child draws either twenty-three 
sticks clustered into groups of five, with three sticks 
"left over," or four packs and three sticks. 

Task 7c. Conventional Representation (numerals). 

Mote: please see Task 6c for examples. 

Level 1. the child makes some kind of a grphic mark to label in- 
dividual elements. 

' Level 2. The child makes a mark approximating the shape of the 
number-squiggle. _ 

Level 3. The child makes the conventional mark for most single- 
digit numerals. Two-digit numerals are often inverted. 

Level 4. The child writes the conventional marks for all numerals. 

Taak 7d. Meanings of Digits and Numerals. 

' Note: please see Task 6d for examples^ 

Level 1. Number-squiggles are graphic marks that are linked to the " 
• objects on which they are found (E. Siegrist and A. Sinclair, 

research In progress) . 
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Level 2. The child uses "matching schemes" to mice non-quantitative 
correspondences between various graphic Barks. 

Level 3. The child thinks that~number-aquiggles, *nd particularly 
Level xne c^ ftuaeral , t can stand for quantities of repre- 
sented object!. But this idea is one among several ideas 
that are not fully differentiated, one from the other. 

Level 4. The child thinks thst a two- or multi-digit .mmU -tends 
for the quantity of objects represented (the whole; . 
The individuel digits are consistently transformed into 
numeral, in their own right; they are thought to repre- 
sent thet many objects, or thst many sets, of objects. 

Level 5. The child thinks thst the individual digits making up a 
two-diait numerel stsnd for amounts that are linked to 
the position or place in which the digits occur. The 
child's understanding of place value is faciliteted by 
her gresping of notstionsl rules, numericel pert-whole 
•relations, or multiplicstion. 

. ". ^ - - '• a . • \: 

TaskS. Other Digits and Numerals. f< 

The levels for this task are the same as 'those, for Tesks 6d and ?d. 

* 

Task 9. Marbles. ^ 

v.nv children "lust wsnted to plsy" and asked the Interviewer to do the 

ii • Tf . interesting to note thet no child who usee sn invented 
p£Sfe had any SfSSty 8 co»ing up with some means of recording "zero. 

Type 1. Telly msrks (no necessity" for writing snything 
down for zero)* s 

Type 2. Alphabetic letters (i.e., A - 1, B - 2, C - 3, 
etc.) 

Type 3. Arbitrary "ideogrephs" (e.g.. e. "happy face" 
^ f 0X i, «n "at" for 2, a slash-mark for 3, etc.). 

Type 4. A drawing of a pie, 'wherean ■PProprUtenu^er 
Tl of pie pieces were colored in for the number or 

/ marbles knocked out on each shot. 
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Appendix C: 
Lfjvel x Age Analyses for All Tasks 

» 

Cl. Task 1, Conservation of elementary number x age ... 265 

C2. Task 2, Establishing equality among unequal ^ 
collections x age 

267 

C3. Task 4, Socks and pairs x age ..... . ^ ........... . 

268 

C4. Task 5, Six sticks x age .. 

269 

C5. Task 6a, Grouping wheels x age ••• 

- * 270 
C6. Task 6b , Symbolising wheels x age • • 

271 

C7. Task 7a, Grouping gum x age • 

C8. Task 7b, .Symbolizing .gum x age • 

C9. Tasks 6c, 7c and 8, Writing numerals x age . . . 27 3 

CIO. Tasks 6d, 7d and 8, Assigning meaning to 2?4 
numerals x age ,.• • 
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Table CI. ^ 4 

Task 1. Conaervatlon of Elementary Nuaber x Age 





Level 1 


Level 


* Age 


Nuaber of 
Subjects 


■J- ■ 

7 




4 year olds 


12 


4 


5 year olds 


15 


0 


9 


6 year olds 


12 


0 * 


0 


7 year olds 


17 


n 


• 0 


8 year olds 

9 year olds 


12 

mm 
12 


0 

o 

1 t 


o* 

0 


Collapsed 
age groups 








4 & 5 yr. olds 


27 


7 


13. 


6 & 7 yr. olds 


29 


0 


0 


8 & 9 yr. olds 


24 


0 


0 
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x*- 54.34. df 
v - .583 
p .001 
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Level 3 



0 
1 
Q 
1 
0 
0 



1 
1 
0 



Level 4 



4 



1 

- 5 
12 
16 
12 
12 



6 
28 
24 

f* ' 



' * ' ■ ' ; .... 1 

* Table C2. , . 

Taak 2. Establishing Equality A«ong Unequal Collection* x Age 



Age 


Nwber of 
Subjects 


4 year olds 


12 


5 year olds 


15 


6 year olda 


12 


7 year oias 


17 


8 year olda 




9 year olds 


12 


Collapsed 
age groups 




4 & 5 year olda 

0 


27 


6 & 7 year olda 


2$ 


8 & 9 year olds 


24 
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Uvel 1 



« - 



v 
P 



3 
0 
0 
0 
0 
0 



Uvel 2 



3 
0 
0 



48.47. df * 6 

.550 

.001 



5 
2 
0 
0 
0 
0 



7 
0 
0 



Uvel 3 



Uvel 4 



2 
8 
1 
0 
0 
0 



10 
1 
0 



3X4 



2 
5 

11 
17 
12 
12 



7 

28 
24 



Table C3* 

Task 4. Sock* and Patra x Age 



■ • * * 


Level 1 


Level 2 


Level 3 


Age 


0 

Subjects 


s 

J 






4 year old* 


11 


3 


7 


1 


5 year olds 


13 

a 


1 


10 


2 


. 6 year olds 


10 


0 


0 


10 


7 year olds 


16 


0 


1 


15 


* 8 year olds 


u 


. 0 ' I 


0 


11 


9 year olds 


12 


o 

• • 


• 0 : 


12 


Collapsed 






• ' 




age groups 










4 6 9 yr. olds 


24 


4 


17 


3 

• 


6 & 7 yr. olds 
8 6 9 yr. olds 


26 


0 


1 


25 


23 


0 


0 


23 






X*. 56.02, df - 4 




1 



v - .619 
p <■ .001 

„ • •:" 315 

ERJC .. . 



TaDie 

Task 5* Si* Stick* x Ag^ 



Age 

4 year olds 

5 year old» 

6 year olds 

7 year olds 

8 year olds 

9 yea* olds 

V 

Collapsed 
age groups 

4 & 5 year olds 

6(7 year olds 

8 6 9 year olds 



Nuaber of 
Subjects 



12 ' 
13 
9 
14 

11 / 

12 



25 
23 
23 



Level 1 



7 

4 

0 

1 

0 

0 .... 



Level 2 



11 
1 
0 



**« 35.39, df 
v - .499 
p < .00. 



3 

4. 

% 

0 

1 

0 



7 
2 
1 
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Table 05. % • 

Task 6a. Vheela and Cars (Grouping objects in action) x Age 





Level 1 


level 2 


Level 3 


Level 4 


Age 


Nusber of 

Subjects 




• 






A vAAt 1 ft 1 if II 


12 


6 


2 


0 


4 


5 year olds 


15 


2 


2 


1 . 


.10 


fi vf»Mt° olds 


12 


0 


1 


1 


10 


7 < w«»jit > nlifs 

. f JCOl M1UO 


17 


0 


, 1 ...... • 


0 . 


16 


ft UAttV Al Aa 

o yesr oxud 


12 


0 


0 


0 


12 


9 year olds 


12 


0 


....... o 


0 


12 

t 


Collapsed 












age groups 

* 




v . 








4 & 5 yr» olds 


27 


8 


4 


1 




6 & 7 yr. olds 


29 


0 


2 


1 


26 


8 & 9 yr. olds 


24 


0 


0 


0 


24 






■X*- 24.51, df - 6 




* 



v - .391 
p < .001 
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Task 6b/ Wheels 



and Cera (Symbolic Representation) x Age 



Level 1 



Level 2 



Level 3 



Level 4; 



Age 


Htiaber of 

Subjects 




4 year olds 


11 




5 year olds 


13 


1 


6 year olds* 


12 


0 


7 year old* 


17 


0 


8 year olds 


12 


0 


9 year olds 


12 


0 


Collapsed 
age groups 






k & 5 yr. olds 


24 


8 


% 6 & 7 vr. olds 


29 


0 


8 S 9 yr. olds 

t 


24 


0 

**« 34.55, 
v ■ t474 
p < .001 

* 


ERJ.C 







3 
5 
2 
2 
0 
0 



8 
4 
0 



318 



0 

1 

2 
0 
1 
1 



4V 



1 

2 
2 



1 
6 
8 
15 
11 
11 



1 

23 
22 



Table 07. 

Task 7a. Grouping Objects (Gum) in Action x Age 



Age 


Nuaber of 

Subjects 




4 year olds 


8 


4 


5 year olds 


11 


4 


6 year olds 


10 


0 


7 year olds 


17 


0 


8 year olds 


12 


0 


9 year olds 


12 


0" 


Collapsed 
J Age Groups 






4 & 5 year olds 


19 


8 


6 & 7 year olds 


27 


0 


8 & 9 year olds 


24 


0 



Level 1 



319* 



**« 52.747, df - 6 
v - .614 



\ 



Level 2 


Level 3 


Level 4 


'a '*<*' 

4 


0 


0 


2 


2 


,/• 3 - 


0 


0 


4 10 


0 


j 

1 j ' 


16 


0 


0 


12 


0 


0 


12 


6 


2 




0 


1 


26 


0 


6 


24 




■ i 


\ 

\ 



320 



Table CB. 

Task 7b. Symbolizing Gun x Age 







A a ^ 

Age 


Number of 

Sublects 




4 year olds 


R 

D 


2 


5 year olds 


1U 


1 


6 year olds 


10 


0 


# ye«t mop 


16 

i 


0 


8 year olds 


12 


0 


9 year olds 


12 


0 


Collapsed ' 
Age Groups 


• 




4 & 5 yedfr olds 


18 


3 


6 & 7 year olds 


26 


0 


8 & 9 year olds 


24 


0 



**« 36.999 f , df « 6 
. v ■ . 522 
p< .001 



ERJC 321 




7c, «nd 8. Writing Hi»eral« * Age 





Age 


Mtmber of 
Subjects 


A «aif n1 Hit 

if yew wxuo 


12 


5 year olds 




6 year olds 


19 


7 year olds 


? 


8 year olds 


iav 


9 year olds 


12 ' 


Collapsed 
age groups 




4 & 5 year olds 


25 


6 ft 7 year olds 


29 


8 ft 9 year olde 


. 24 



Level 1 



4 
0 
0 
0 
0 



4 
0 
0 

66.678, df 
v - .671 * 
p .001 



Level 2 



7 
6 

ff 

0 

1 
0 

~0 



Level 3 



1 

7 

7 

1 

0 

0 



Level 4 



0 
0 

5 

15 
12 
12 



13 
1 
0 



8 
8 
0 



0 

20 
24 



323 
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table CIO* 

Tasks 6d, 7d* and 8. Meanings of Digits and Numerals x Age 






Level 1 


Level 2 


Level 3- 

V 


Level 4 


r— 

<> '7 

Level 5 


Age 


Nunber of 
Subjects 






0 ■ ■' 






4 year olds 


ft * 

12 


■ V . 


. 5 • " 


3 




0 


5 year olds 


13 




1 

• 

4 


8 . 


». u 


6 year olds . 


11 




1 


4 


6 


o 


7 year olds 


16 


\ 

\ 


0 


5 


9 


2 . 


8 year olds 

9 year olds 


11 
12 




0 
0 


0 
1 


9 
6 


2 
5 


Collapsed 
age groups 




r- 








*• 


4 & 5 .year olds 


25 


5 


9 


11 


0 


0 


6 & 7 year olds 


27 


0 


1 


9 


15 


2 


8 & 9 year olds 


23 


0 


0 


1 ° 


15 


.. . 7 • 



129.26, df - 8 
v - .587 
p < .001 



9 

ERIC 
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Appendix D; 
Relationship* aaong Uveli Within Domini 

.. 276 

Dl. 'luk 1 z Tuk 2 •••• 

........ 277 

02. Talk 1 x Talk 4 .... —— •••••• 

278 

03. Talk 1 x Talk 6a ............. ••• •••••• 

i - • tm . 279 

D4. Talk 1 x Talk 7a - 

» * v ..i...... 280' 

05: Task 2 x Taik 4 

281 

06. Talk 2 x Talk 6a • 

><■ ............... 282 

07. Taik 2 x Talk 7a ••••• •••** 

J • •' .............. 283 

D8. Talk 4 x Taik 6a * 

............ 284 

D9. Talk 4 x Talk 7a •• «*••• « 

* . 285 

010. Taik 6a x Talk 7a 

............ 286 

011. Taik 5 x Taik 6b ...... ....... 

'*'■■■ ■ 287 

012. Taik 5 x Taik 7b ........... 

• .......... 288 

D13. Talk 6b x Talk 7b •/• 

289 

0X4* Taiki 6c, 7c and 8 x Taiki 6d, 7d and 8 — • •• . 



« o 



5 



32 5 



9 
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Table Dl. Cognitive Bevelopnent; Task 1 x Task 2 

Establishing Equality Aaxmg Unequal Collections 



Conservation of 
Elementary Nuaber 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


3 


3 


1 


0 


Level 2 


n 


3 


' ' 8 


2 


Level 3 




1 


0 


1 


Level A 


» 

0 


0 


2 


51 



a* - 88.02, df - 9 
v - .625 

p < ..ooi 326 



Table tt* Cojaltlve Development: Teak 1 x Taak 



Socks and Pairs 



Level 2 



10 



Level 



49 



32 



Conservation of 
Elementary Hunber 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



-r 



%" - 65.36, df - 6 
v - .669 
p «. .001 



u ' - 

• ■ > % 

Table 63. Cognitive Development: Task 1 x Task 6a ' ' 

Grouping Objects (Wheels) In Action 



Conservation of 
Elementary Nuaber 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 




0 


0 


1 


Level 2 


2 


3 


0 


• . * 8 


Level 3 

• 


o •• 


0 


o 


2 


Level 4 


0 


3 


2 


42 



o 



3t* - 49.16, df - 9 
v - .487 
p < .001 

323 

6 



o 

ERIC 



Table Dt. Cognitive Development: Task 1 x Task 7a 



it 



t'* * ' Grouping Objects (Gum) In Action 



Conservation of 
Elementary Huaber 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


3 


1 


0 


0 


Level 2 


5 


3 


2 


0 


Level 3 


0 " 


*. ' 0 


0 


1 

i 


Level 4 


0 


2 


1 


52 



x*- 61.839, df - 9 
v - .543 
p <■ .001 

• 329 

ERIC 



Table ft5. Cognitive Developments Task 2 x Task A, V 

' ■ . *. • ■ • • > . • 

Socks and Pairs 



Establishing Equality 
Asong Unequal Collec- 
tions 


Level 1 


Level 2 


level 3 


Level 1 


2 


1 




' v a «m1 9 ■ 


1 

M 


5 


0 


Level 3 


0 


9 


" 1 

■ 


. Level ft 


e 

1 


2 


51 



X* - 77.5, df - 6 
v - .729 
p <■ .001 



330 t ■ , 

ERIC 
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• 




-" 


• ■ 

* 




Table 06. 


Cognitive Development: 


Task 2 Ix Task 6a 

„• • ' 




'. ._. 






Grouping Objects (Wheels) in Action 




•> 


Establishing Equality 
Among Unequal 

r A 1 lAMf 4 rtnM 


Level 1 


Level 2 

o \ 


Level 3 


Level 4 


• 


^OXXCCU J.U11Q 

Level 1 


3 


0 




0 




level 2 


3 


1 


0 


3 




Level 3 


2 - 


2 


0 •: ; % 


7 




Level 4 


0 


3 


2 


54 




%*■ » 46.96, 


df - * 










v - .442 








• 




• p .001 




331 






■ 0 
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\ 
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Table M. Cognitive Developments Task 2 x Task 7a 

• < v ' 



Grouping Objects (Guai) In Action 



, Establishing Equality 
Aapng Unequal Collections 


Level 1 

9 


Level 2 


Level 3 


Level 4 


Level 1 


1 

i 


0 


0 


t 

0 


Level 2 

\ 


3 


1 


0 

* 


0 


m 

Level 3 


3 

it 


3 


1 


1 


Level 4 


1 


2 


2 


\ , 

52 



52.669, df - 9 
v - .501 
p <■ .001 

- % .Cv- 

ERIC 



Table DB. Cognitive Development: Task 4 x task 6a 



Grouping Objects (Wheels) in Action 



Socks and Pairs 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 ' 


3 • 


0 


0 


1 


Level 2 

i 


5 


3 

i 


0 


9 


Level 3 

o 


0 ' 


2 


... 2 ,. 


48 



%* - 32.67, df - 6 
v - .473 
p < .001 



333 % 

o 

ERJ.C 
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Table fl*. Cognitive Development: Task 4 x Task ?a 



Grouping Objects (Gue) In Action 



Socks and Pairs 



Level 1 



Level 2 



Level 3 



Level 1 



Level 2 



Level 3 



Level 4 



50 



**« 51.163, df - 6 
v - .613 
p <. .001 



334 



9 

ERIC 



Tabla DM. Cognitive Development: Task 6a x Task 7a 



Grouping Objecte 
(Wheels) in Action 



tevel 1 



Level 2 



Level 3 



Level 4 



Grouping Objecta (Cu«) in Action 



1 Level 1 


Level 2 


Level 3 


13 


Z 

h | - •_ 


0 


1 1 


l 


0 




0 


0 


1 4 


3 





Level 4 



49 



%*- 25.610, df - 9 
v - .349 _ 
p <- .005 



335 
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fable Oil. Symbolic Representation: Task 5 x Task 6b 



Symbolizing Objects (Wheels) 



Six Sticks 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Level 2 



Level 3 



Level 4 



7C « 29.57, df - 9 
v - .409 
p .001 



35 . 



ERIC 
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Table Symbolic Representations Taek 5 x Task 7b 

5" ' w . 



4 Symbolizing Gum 



Six Sticks 

) 


Level 1 


Level 2 


Level 3 


Level 4 


Level x 


2 


5 


1 " 


• 1 V 


Level 2 


0 


3 


3 




Level 3 




1 


1 ; • , 


\ 3 


Level 4 


• 

0 


2 


4 


33 

4 



x** 36.470, df - 9 
v ■ .446 
p <. .001 



ERIC 
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Table 1*3. SjAollc Representations task 6b x Task 7b 



Syaboliring Wheels 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Symbolizing Gim 



Level 2 



Level 3 



0 



10 



Level 4 



39 



%*- 62.922, df 
v - .551 

P 4&< .001 



- 9 



ERIC 
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fable D14. Conditional Representation: The Relationship Between Writing liberals and Assigning 
Meaning to Numerals 



Writing Numerals 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Meanings of Digits and Numerals 



Level 2 



8 



T 



7T 



Level 3 



11 



Level 4 



0 



22 



Level 5 



115.1, df - 12 
v - .751 
p <• .001 



339 



340 
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Appendix E: 
teLationships Aaong Levels Between Domain* 

EL. Task L x Task 5 292 

E2. Task L x TesTt 6b ...... • 293 

E3. Task L x Task 7b ? 294 

E4. Task 2 x Te»k 5 295 

E5. Teek 2 x Teek 6b • •• 296 

E6. Taek 2 x Taek 7b 297 

E7. Task A x Tesk 5 • 298 

E8. Task A x Taek 6b • < 299 

E9. Task A x Task 7b ,\ 300 



ELO. Task 6a x Tesk 5 • 301 

ELL. Tesk 6a x Task 6b • 302 

EL2. Task 6a x Taek 7b • 303 

EL3. Taek 7a x Teek 5 304 

ELA. Teek 7e x Taek 6b ••• 305 

EL5. Task 7a x Task 7b I »•••• 306 



EL6. Taek L x Tasks 6c, 7c and 8 



307 



308 



EL6. Task 2 x Tasks 6c, 7c and 8 • • 

EL8. Task A x Tesks 6c, 7c end 8 309 

EL9. Task 6a x Tasks 6c, 7c end 8 • • •• 310 

E20. Task 7a x Tesks 6c, 7c end 8 311 

E2L. Task L x Tasks 6d, 7d and 8 ••••• 312 

E22..Task 2 |c Tasks 6d, 7d and 8 313 

E23. Task A x Tasks 6d, 7d and 8 31A 

B2A. Task 6a x Tasks 6d, 7d and 8 315 

ERJC . . : 341 ' ■ / 



125. Task 7s x Task* 6d, 7d and 8 

126. Task 5 x Tasks 6c, 7c and 8 . 

127. Task 6b x. Tasks 6c, 7c snd 8 

128. Task 7b x Tsiks 6c, 7c and 8 

129. Task 5 x Tasks 6d, 7d and 8 . 

130. Task 6b x Tasks 6d, 7d and 8 

131. Task 7b x Tasks 6d, 7d snd 8 



316 
317 
318 
319 

320 
321 
322 
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fable El. Relationships Between Levels in Cognitive and Symbolic Representation 



Taak 1 x Task 5 



Six Sticks 



1 

Conservation of 
Elementary Hmber 


Level 1 


Level 2 

'' r— 


Level 3 - 


Level 4 


Level 1 


e 


1 ' 


1 


0 


li^vel 2 


A 




0 


2 


Level 3 


t » 

0 


0 


1 


1 


Level 4 


2 


3 

0 


5 


39 


X*« 49.67, df - 9 
v - .486 
p .001 

343 



^ ; ; ; ; i - - i 
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Table B2. Relationship* Between Levels in 
Task 1 x Task 6b 

* 


<> 

Cognitive and Symbolic Representation Tasks: 








Symbolizing Objects (Wheels) 






Conservation of 
Elementary Number 


Level 


1 


Level 2 


Level 3 v 

ft 


Level 4 




Level 1 


6 


1 

•T. 


0 


0 




Level 2 


0 


7 


1 


4 


<■ 


Level 3 

0 


0- 


0 


0 


1 




Level 4 


1 


. , , 


5 


A1 




**- 69.486 
v - .571 
p <: .001 


, df - 9 

• 










ERIC 
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0 



Table tt. *elationsbl|a Between levels in Cognitive and Systolic Representation Tasks: 
Task 1 x Taste 7b 



Symbolizing Gua 



Conservation of 
Elementary Nuaber 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Level 2 



Level 3 



Level 4 



42 



%*- 74.467, df 
v ° .604 
p < .001 



9 

ERIC 
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Table U. Relationships Between Levels In Cognitive and Sysbolic Representation 
Task 2 x Task 5 



Six Stlcka 



. Establishing Equality 
Aaong Unequal Collections 


Level 1 


Level 2 


Level 3 


Level 4 


Level JL 


2 


0 


1 


0 


Level 2 

9 


\ 

2 


4 


1 


0 


. Level 3 


i 

5 


2 


0 


3 


Level 4 


3 


4 


5 


39 



39.141, df - 9 
v - .429 
p «u .001 



o 346 
ERIC 
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table E5. Relationships Between levels In Cognitive and Systolic Representation 
Task 2 x Task 6b 

Syobolising Wheels 



Establishing Equality 
Among Unequal Collections 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


3 


0 


0 

ft 


0 


Level 2 

* 


3 


2 


1 


0 


Level 3 


•• 

0 


5 


1 


4 


Level 4 


1 


5 


4 


49 



**« 64.907,, df - 9 
v - .527 
p< .001 
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T.ble B6. Eelationshipa Between Levels in Cognitive and Symbolic Representation ? 
Taak 2 x Taak 7b 



Svabolising Gim 



Establishing Equality 
Aaong Unequal Collections 


Level 1 


Level 2 


Level 3 


Level 4 *. 


Level 1 


1 


0 


0 


0 


Level 2 

a 

6 


1 


2 


0 




Level 3 


0 . 


6 


i 

1 


f : 

) l 


Level 4 


1 


5 


9 


41 



x*« 54.963, df - 9 
v - .519 
p «c .001 



ERIC 
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able B7. *eletionahip8 Between Levele in Cognitive and SyabolW Representation 
Task 4 x Teak 5 



Six Sticks 



Socks and Psirs 


Uvel 1 


Level 2 


Uvel 3 


Uvel 4 


Uvel 1 * 


4 


0 


0 


0 


Level 2 


6 


5 


2 . 


5 


Level 3 


2 


4 


5 


37 



%*- 36.161, df - 6 
v - .508 
p < .001 



ERIC 
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Table EB. «e*.tionships Between Levels in Cognitive and Sysbolic Representation Task.: 
Task 4 x Task 6b 



Socks and Pairs 



Level 1 



Level 1 



Symbolising Objects. (Wheels) 



Level 2 



I 



Level 3 



Level 2 



Level 3 



46 



47.995, df 
v - .566 
p < .001 



9 

ERIC 
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Table 19. Relationships Between Levels iii Cognitive and Sysbolic Representation 
Task 4 x Task 7b 



Syabollzlng Gun 



Socks and Fairs 


Level 1 


Level 2 


Level 3 


Level 4 


8. 

Level 1 


2 


0 


0 


J 


Level 2 * 


1 

••. 


9 


1 


2 


Level 3 


0 


4 


8 


40 



Jt*« 72.393, df «-6 
v - .735 
p < .001 



351 



table 110. tel.tionrt.ips Between Levels in Cognitive and Synbolic Representation T^sks: 
Task 6a x Task 5 



Six Sticks 



Grouping Objects 
(Wheels) in Action 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


4 


3 


1 


« 0 '•. 


Level 2 

u 


3 


2 


0 




Level 3 


• • 

0 


0 


0 


1 


Level 4 


3 


4 


6 


39 , 

. 0 



**- 30.766, df - 9 
v » .391 
p < .001 



ERIC 
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Table 111. Relationships Between Levels in Cognitive and Symbolic Representation Tasks: 

Task 6 a x Task 6b ^^"^ 

-a ; 

Syaboliaing Objects (Wheels) 



Grouping Objects 
(Wheels) in Action 


Level. 1 


Level 2 


Level 3 


0 

Level 4 


Level 1 


5 


2 


0 


1 


Level 2 ( 

* 


1 


5 


0 


0 


Level 3 


* 

0 


0 


2 


0 

a 


Level 4 


1 


5 


4 


52 



**» 85.536, df - 9 
v « o 605 
p <. .001 

o 353 
ERIC 



Table E12. Relationships Between 
V Task 6a % Task 7b ' 



levels in Cognitive and Sysbolie Representation Tasks* 



Grouping Objects 
(Wheels) in Action 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



V 



0 



0 



Symbolizing Gvm 



Level 2 



Level 3 



«~ 10 



**- 36.694, d£ - 9 
v - .424 
p<- .001 



Level 4 



40 




ER^ - , 354 
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Table §13. Relationships Between levels In Cognitive and Syabolle* Repreaentatlon Tasks: 
Task 7a x Task 5 J . 

. » 

Six Sticks 



Grouping Objects 
(Gun) in Action ^ 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



4 



0 



Level 2 



Level 3 



0 



Level 4 



38 




TAle It*. «.l.ti<m.hip. Between UveU ta Cognitive .nd Sybollc Repre.ent.tlon T„W 
Task 7a x Task 6b 



Symbolising Wheels 



**- 47.347, df - 9 



r> .475 



p <• .001 











Grouping Objects 
(Gu») In Action > 


Level 2 


Level 2 


Level 3 


Level 4 


level 1 


3 


4 


0 


1 


level 2 


0 


3 


1 


2 


• 

Level 3 


0 


0 


0 


3 


Level 4 


.0 


3 


4 

• 


46 

• 





ERIC 
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Table EIS. Relationships Between Levels in Cognitive and Symbolic Representation Tasks: 
Task 7a x Task 7b 

ft 



Symbolizing Gim 



Grouping Objects 
(Gu») in Action 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


2 


5 


0 


0 " 


Level 2 

* 


1 


4 


1 


0 


Level 3 




1 


2 


0 


Level 4 


0 


3 


7 


42 



55.540, df - 9 ,««m**w* 
v * .522 
p < .001 



tj& 357 • 



Table H«; lelatfcmships Between Levels In Cognitive, and Conventional Representation Tasks (Writing 
Minerals): Task 1 x Tasks 6c, 7e and 8 



Writing Hunerals 



Conservation of 
- Elementary timber 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 




3 


0 


0 


— ^ , - — — 1 — 1 — • — 
Level 2 


0 


9 


3 


0 


Level 3 


0 


0 

V 


0 


1 


Level 4 

- 


0 


1 


13 


38 



X B m 81.848, df - 9 
v ^ .611 
p< .001 



ERJC 
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Table B17«* lelatlonships Between Levels In Cognitive and Conventional Representation Tasks (Writing 
Ntnerala): Task 2 x Tasks 6c', 7c, snd 8 - 



Writing Numerals 



Establishing Equsllty 
Aaong Unequal Collections 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


3 


0 


0 


0 


Level 2 

m 


1 


5 


0 


0 


Level 3 


if 

0 


6 


4 - 


0 


Level 4 


0 


3 


12 

a - 


44 



105.739, df - 9 
v = .672 
p < .001 




T*l. E18. teUti«m.hip. B.«~. 1Mb in Cognitive „nd Cn.ventl.n.1 Rep r« e n t , t ton ■ T..k. (Writing 
Nuaerals): Task 4 x Tasks 6e, 7c, and 8 



Writing Numerals 



Socks and Pairs 


Level 1 


Level 2 


Level 3 


Level 4 


Level 1 


3 


1 


0 


0 


Level 2 


1 

it 


11 


4 


1 


Level 3 


0 


1 


11 


41 



s 



%*» 82.651, df - 6 
v - .747 
p < .001 



0 

ERIC 
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Table B19. Relationships Between Levels In Cognitive and Conventional Representation Tasks (Writing 
Ruaerals): Task 6a x Tasks 6e, 7c, and 8 



Writing Numerals 



Grouping Objects 
(Wheels) In Action 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



4 



Level 2 



8 



Level 3 


Level 4 


1 


0 


1 


2 


2 


0 


12 


42 



%*- 55.489, d£ - 9 
v « .487 
p < .001 



361 



0 



Table «0. Relationships Between levels In Cognitive end Conventional Representation Tasks 
(Writing Numerals): Task 7a x Tasks 6c, 7c and 8 



Writing Numerals 



Grouping Objects 
(Gum) In Action 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Level 2 



Level 3 



Level 4 



A3 



ERIC 



«*- 68.257, df - 9 
v - .570 
p < .001 
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Table 821. Relationships Between Levels In Cognitive and Conventional Representation (Assigning 
Meaning to Numerals): Task 1 x Tasks 6d, 7d, and 8 

Meanings of Digits and Numerals 



Conservation of 
Elementary Number 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



0 



Level 2 



Level 3 



14 



Level 4 



0 



30 



Level 
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Tt* - 72.037. df - 12 
v - .5658 
p < .001 



Table m. Relationship Between Level. in-Cognitive end Conventional Representation (Assigning 
Meaning to Numerals): Task 2 x Tasks 6d, 7d, and 8 



Meaning of Digits and Numerals 



Establishing Equality 
Among Unequal 
Collections 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Level 2 



Level 3 



14 



Level 4 



30 



Level 5 



**» 87.81, df - 12 

v - .6289 
p «z .001 
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Table E23. Relationships Between Levels in Cognitive and Conventional Representation (Assigning 
Meaning to Minerals): Task 4 x Tasks 6d, 7d, and 8 



Meanings off Digits and Numerals 



% a - 90.13, df 
v - .7967 
p < .001 



- 8 



VI 

Socks and Pairs { 


Level 1 


Level 2 


Level 3 


Level 4 


Level 5 


Level 1 


\ : 


0 

■ * ■ ■ ■ ■ 


• 


0 


0 

j 


Level 2 


( \ ' 


! 8 

' ' -V 


\ ■ .7 

I " 


1 


/ ' 

0 


* 

Level 3 


J 

o \ 


1 


11 

a 


29 

* X. 


9 

4 



ERIC 
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Table E24, telationshipa Between Levels in Cognitive and Conventional Repreaentatio* (Aaaigning , 
Meaning to Nu«srale): ' Task 6a x Taaka 6d, 7d, and 8 



Grouping Object* 
(Wheels) in Action 



Level 1 



Level 2 



. Level 3 



7 



Level 4 



Meanings of Digita and Nuaerala 




42.959, df - 12 
v' - .437 
p < .001 



- i 
0 



c 



16 



Level 4 



30 



ve l 5 



3?0 



ERIC 



Table E25, leUtionahipa Between Levels in Cognitive end Conventional Representation Taaka (Asaigning 
Meaning to Minerals): Task 7a x Taaka 64. 7d and 8 



Assigning Meaning to Numerals 



Grouping Objects 
(Gu») in Action. 

4 


Level 1 


* 

' Level 2 


Level 3 

* 

4 


Level A 


Level 5 


Level 1 


2 


• 3' - 


' 3 '• 


0 

* 


0 


Level 2 

r * 


1 




2 


0 


o 


Level 3 

6 * „ 


0 


0 


2 


1 


0 


Level 4 


0 

• 


1 


o 

10. 


29 


9 





*V44.280> df • 12 
v ■ #473 
p < .001 



Table 126. Relationship Between Levela in SyAolic and Conventional Hepireaentation Taaka (Writing 
Rioerals): Task 5 x Taaka 6c, 7c and 8 



Welting Numerals 



ERIC 
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Six Sticks 


Level 1 


Level 2 


Level 3 


Level 4 


IsBvel 1 


3 


7 


1 ■ ••, 


1 


Level 2 

* 


0 


"4 


, A > ' 


2 


Level 3 


1 


0 

•\ 
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2 

* 


3 

a 


Level 4 


" 0 


\ 2 ' 




33 


X*- 45.131, df - 9 \ 

v - .467 ' 

p< .001 f 



Table R27. Relationships Between Levels in Syifcolic and Conventional Representation, (Welting 
, ? Htmerals): Task 6b x Tasks 6e, 7c and 8 



Writing Minerals 



Symbolizing Wheels 


Level 1 


1 Level 2 


Level 3 


Level 4 


Level 1 




2 :h 


1 


0 


Levfel 2 

» 

4 


< 


9 

* • 


1 




Level 3 

• v ! 


(9 

0 


1 




2 


Level 4 


0 




i ( , 


11 


40 



x'« 83.545,.df - 9 
v - ;598 
p«- .001 
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Table E28. Relationship. Betveen Levels In Sybollc end Convention.! Repre.ent.tlon Taak. 
(Writing Nuaerale): Task 7b x Tasks 6c, 7c, and 8 



Writing »Hu»eral8 



Symbolizing Gxm 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



0 



0 



Level 2 



8 



0 



Level 3 



8 



Level 4 



38 



x*- 109.102, df - 9 
v - .737 
p*. .001 
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Table B29. Relationships Between Levels in Symbolic and Conventional Representation (Assigning 
Meaning to Numerals): Task 5 x Tasks 6d, 7d, and 8 

/ Meanings of Digits and Numerals 



Six Sticks 



Level 1 



Level 2 



Level 3 



Level 4 



Level 1 



Level 2 



1 • 



Level 3 



11 



Level 4 



- ■;!■ 



21 



Level 5 



8 



9 

ERIC 



■x* - 40.98, df - 12 
v - .448 
p < .001 
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Table E30. Relationships Between 



Levels in Systolic and Conventional Representation (Assigning 



Meaning to Hwerals): Task 6b x Tasks 6d, 7d, and 8 



Meaning of Digits and Nwerals 



Syafcolizlng Wheels 


Level 1 


Level 2 


Level 3 


Level 4 


• Level 5 


Level 1 


4 


1 


2 


0 


0 


Level 2 


1 
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6' 
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1 


0 " 


Level 3 


0 

r' 


1 


3 


1 


0 


Level 4 


0 


1 

1 


13 


28 


9 



x*« 67.20, df - 12 
v - .554 
p <. .001 



a ' 37b 
ERiC 
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Table 831. Relationships Between Levels in Systolic and Conventional Representation (Assigning 
Meaning to Nuserals)* Task 7b x Tasks 6d, 7d, and 8 



Assigning Meaning to Nuaerals - 



Symbolising G%m 


Level 1 


Level 2 


Level 3 


Level 4 


Level 5 


Level 1 


• 3 


0 


0 


0 


0 


Level 2 


0 


6 


A 


2 


.0 


Level 3 


0 " 


0 


C 

8 


2 


0 


Level 4 


0 


0 


0 

u 

5 


26 


9 



117.289, df - 12 
v - .776 
p . 001 
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